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Thryaadyekotbhara vruddbya yaathyeka: prathidinam 
narasthoanya: dasa yojanaani kiyathaa kaalena thayorgathisthulyaa 

‘One man goes with an initial speed 3 yojanas per day and 
the rate of acceleration 1 yojana per day, and another man goes 
with the constant speed of 10 yojanas per day. In what time will 
they cover the same distance? 


This problem is solved by the equation n = 2 (u-v)/f+1. 
Here 'n’ is the number of days required for the meeting of the 
travellers, 'u’ is the uniform speed of the second traveller and 'v' 
the initial speed of the first and 'f'is the acceleration of the first 
traveller per day. Among the moving bodies two problems are 
connected with the rate of their motion, ize with acceleration 
and without acceleration and in the same direction and in the 
opposite direction of motion. 


There is yet another type of motion in which the moving 
bodies make forward and backward motions at a fixed speed. If 
‘a body moves backward and forward at different speeds, then 
time taken to reach the destination is to be calculated using 
different speeds, then time taken to reach the destination is to be 
calculated using a different formula. Sreedharacharya in patiganita 
gives the rule (44.1) 

On subtracting the backward motion (per day) from the 
forward motion per day, the true distance travelled per day will 
be obtained. (Dividing the distance by the true rate of distance 
travelled per day, one can find out the time). Bhaskaracharya I 
gives as exercise on this type of motion, in Bhaskarabhashya for 
Aryabhateeya (118.4) 

anifinte eat: wareautqer aga 1 
Wat a wedi afahretatet weary i 
Naagovimsathihastha: pravisathyardhaangulam muburthena 
prathyethi cha panchaamsam kathi bhirabobbirbilam praaptham 
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A serpent of 20 cubit long enters into the hole moving 
forward at the rate of 4 of an angula per muhurta and backward | 
at the rate of 1/5 of an angula per muhurta. In how much time 
does the snake get into the hole completely? | 

Here the difference of forward and backward motions 
gives, the true forward distance travelled per unit time of 
muhurta. When total length of the serpent is divided by true 
forward distance, the time taken by the serpent to enter in the 
hole will be obtained, 

Avery interesting problem on the same topic is given from 
another old Sanskrit mathematical book. This is requoted in 
Patiganita book (example 32) 


vera 3 ater fiqft eeget we 
ae awa there aes Shaft 1 
‘Naagendro dina panchamamsanavamathryamsai: suapaadaanvithai: 
shadbhiryaathi sapaadayojanadalam tryamsonamardhaanvitham 
Prathyaayathi cha yojanam dvigunitham svathryamsaheenamn sakbe: 
saardbaabena cha thathra yojanasatham kaalena kenaishyathi 
The best amongst the elephants goes forward at a rate of 
(A (141/4) (1-1/3) (14) Jof a yojana in 6x1/5x1/9x1/3(1+.1/ 
4) of a day and comes back at a rate of 2 (1-1/3) yojana in (14+ 4) 
days. In how much time will they go to a distance, 100 yojanas? 
The rule applied here is the same as that of a body moving 
forward and backward. True distance travelled, foreward, per 
day is to be calculated from the difference and on dividing the 
distance by that value. The same problem appears in Ganita sara 
sangraha (V. 27) 
Progression: 
Progression is a chapter of great importance in 
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mathematical calculations. Equations of both arithmetical and 
geometrical progression play important role in the calculation 
of many transactions and also estimation of areas and volumes 
of geometrical figures. This was a subject used for various 
applications in Indian mathematics too, even from the Vedic 
period. Arithmetic progression is given in Taitiriya sambita of 
the Yajurveda (VIL. 2, 12 - 17) 
w fart wa aa a a eT 
3a wien wa war a 
Ekaa chame thisraschame pancha chame saptha cha me 
nurva cha ma ckaadasa cha ma thrayodasa chame pancha dasa chame 
Ic is the number order 1, 3, 5, 7,9, 11, 13, 1! 
Another recension of the Yajurveda-Vajasaneyee 
Madhyandina samhita-also gives the arithmetic progression in 
even numbers. In another book namely Bruhadevata (500 BC), 
the result of the sum of arithmetic progression 14+24+3+4+5 +. 
+ 100s given as 5050. A mathematical progression is compared 
with an earthern drinking vessel with narrow bottom and steadily 
increasing upper opening. Patiganita (rule 79) says: 
fremifedifrengar Fer TIT WAS 
Rita Ta rsa wae 1 
Vistaaroalpodhastaadupari mabaan syaadyathaa saraavasya 
sreddeekshethrasya thathaa gacchasamo lambakasthasya 
As in the case of an earthern drinking glass the base of 
which is smaller and the top wider, so also is the case with a 
series in progression figures. The altitude (lambaka) of that series 
figure is equal to the number of terms in the figure. 


Le. a progression generally starts with a small number or 
set and increases uniformly to large numbers. 
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A variety of mathematical problems are given in ancien; 
Indian books on the series/progressions. Many of the equations 
taught in modern mathematics, are given in these books, 
Patiganita (rule 14.1) gives an equation for calculating the sum 
of a basic arithmetic progression as follows: 


terrearccertanea wafer dof 11 
Saikapadaahathapadadalamekaadichayena bhavathi sankalitham 
If the first term is unity and common difference is also 
unity, then the sum is equal to half the number of terms 
multiplied by total number of terms plus one. 
Le Snof1+2+3+...+n =% n(a+1); where Sn is the sum 
and n is the number of terms. 
A few (among a number of) problems, of different nature 
connected with determination of various parameters in the series 
are given to cite examples of the deep knowledge on progressions, 
Bi in Aryabhateeyabhashya (105.1) has given this 
example: 
safteat ge agar: weet atert dif 1 
7S: Ud Freed werd wt gfe 1 
Aadidvithayam drushtam sreddyaa: pravadanthi chottharam 
threeni gaccha pancha niruktho madbyaaseshe dhane broobi 
Ina series, first term is 2; the common difference is stated 
to be 3 and number of terms is 5. Tell me the middle term and 
the sum of the series. | 
This example has also been given by Yallayya, Suryadeva | 
and Raghunatha in their commentaries to Aryabhatecys (2.19). | 
In Bhaskarabhashya another example (106.3) is given for finding 
out the desired term of a series in arithmetic progression. 
wereienn: wart: qaftnfirts:1 
Taree az vit feta faq i 
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Fkaadasottharaayaa: saptaade: panchavimsathirgacche 
thithraanthyopaanthya dhane vada seghrarn vimsathescha kiyath 
In an arithmetic progression, in which the common 
difference is 11, first term is , the number of terms is 25. Quickly 


say the ultimate and penultimate terms of that series and also 
say what is the 20th term. 


Here the last term and 20th term are to be calculated using 
the equation: n'* term = a+ (n-1)d. Where a is the first term and 
nis the total number of terms and d is the common difference. 

‘When the first term and the last term of a series in an 
arithmetic progression are given, determining the number of 
terms is given in this exercise (Bhaskarabhashya example 107.6) 

waft: wee: ware al wae 
THe wert aed era 11 
Panchabbiraadya: sankha: panchonasathena yo bhavedanthyam 
Ehaadasasankhaanaam yatthanmoolyam thvamaachakshva 

Of 11 conch shells, which are arranged in increasing order 

of their prices (which are in arithmetic progression), the first 


shell is acquired for 5 and the last for 95. Say what is the price of 
the total shells, 


Initial term (5), last term (95) and total terms (11) are 
indirectly given in the above problem, as prices and number of 
shells, respectively. From this the common difference and sum 
are to be calculated using the equation given earlier. 

Bhaskaracharya I also gives examples for finding out the 
number of terms when first term, sum and the common 
difference are given (Bhaskarabhashya 109.2) 

waar afeqe aa aceieit ot wae: 
wren ge AN aT aay II 
105 


ee.) 


Neviahaashtow vnuddhienude yathra yathheerthyathe dhsnam krernag 
ramaashtasaram drushtam padapramaanam thvayaa vaachyam 

In an arithmetic progression, common difference and the 
first term are 9 and 8 respectively, the sum is 583. Tell me the 
number of terms. 


Using the first equation, answer can be found out, where | 
Sn ~ 583, a=8 andd~ 9. This example is given for the application 
of the rule given in Aryabhateeya (2-19) 


Diminish the given number of terms by one, then divide 
by 2, then increase by the number of preceding terms (if any) 
then multiply by the common difference and increase by the 
first term of the series. Result is the arithmetic mean (of the 
given number of terms). This value multiplied by given number 
of terms is the sum of the given terms. Or, multiply the sum of 
the first and the last terms by half the number of terms ie. 
Arithmetic mean of the series = a + (a-1) xd, Where a is the 
first term, n is the number of terms and d is the common 
difference. 

Sum of the series = n (a+% (a-1)d) Orn (ats); sisthe 
last term a and d are as explained above. { 

Another set of arithmetic progression which can be | 
mathematically represented as follows is: a+ (a+d)+(a+2d)+... 
2+ (a-1)d). The following rule is used for getting thesum ofthe | 
progression series. (Patiganita 85 b) | 
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The area of a progression (if it can be represented as a 
geometrical figure) is equal to the product of the half of the sum 
of the base and the face and the altitude. i.e Sn of a+(a+d) + 
(a+2d)+..... (a+(a-1)d)= (a+% (a-1)d)n 

Then arithmetic mean of n terms is given as follows by 
converting the above form into another series, representing the 
mean (as per rule) 

(+pd)+(a+ptind)+.... + @+ps(at))d 

Mean of the above series = a + (¥4(n-1)+p)d 

‘When the above mean value is multiplied with the number 
of terms n, the sum of the series will be obtained, as follows. 
Sum of the series = n (a+(¥4(n-1)+p)d). The same rule appears 
in Brahmasphuta siddhanta (XIL 42) and Ganitasara sangraha 
(VIL.231.12) 

Aryabhatta I has given a complex equation for finding out 
the number of terms in a series, if the sum is known, in the 
above type of progression (Aryabhateeya 2-20) 


feqomgerefeereerigare, | 
We feyrgt eters aeoriq i 
Gaacchoasheowharagunithaad dvigunaadyutthara visesha vargayuthaath 
moolam duigunaadoonam svotthara bbajitham saroopaardham 
Multiply the number of terms by 8 and by the common 
difference, increase that by the square of the difference between 
twice the first term and the common difference, and then take 
the square root, then subtract twice the first term, then divide 
by the common difference and add (to the quotient and take 
halfthe value, that gives the number of terms in a series of nature. 


a+(a+d)+(a+2d)+@+3d) + were 


n= Ha + (UBds + Qad)?=2a) +d +4 
‘This rule has also appeared in Siddhanta sekhara (XIII. 24), 
Wale 128) and Brahmasphota siddhanta (XI 18). Tn 


Lilavati (rule 12: 
ee arya gives an almost similar 


Patiganita (rule 87), Sreedharac 
equition for calculating the number of terms. 
aretarerent fiqonferas frecafrgrat, | 
Re fryer wad feairgt Tee: 11 

“Ashottherahtaphalatho dvignnaadi prachaya vivara lruthi yukthaath 
moolam dvigunamukhonam sachayam dvichayoddbrutham gaccha; 

Multiply the sum of the series by 8 times the common 
difference and to that product add the square of the difference 
between twice the first term and common difference. Take square 
root of that. That diminished by twice the first term and | 
increased by the common difference and divided by twice the | 
common difference gives the number of terms in the series ie 
n = (V(8ds+(2a-d)?- 2a+d)+2d 

Aryabhatta Il in Mahasiddhanta (XV. 50) and Bhaskara IT 
in Lilavati (128) have given another equation for the 
determination of the number of terms in a series: 


n= (V(2ds+ (a-d/2) - a+d/2)+d 

Sripati in Siddhanta sekhara (XIII. 24) puts the above 
equation in this form also: 

n= (Us/ da lated/d)*- ftéd)/d) 

In Patiganita (rule 14 ii) a method for finding the number 
of terms in an arithmetic progression when the initial term and 
the common difference are unity, is given. 


| 
4 Treatfarerry | | 
| 


fepigr venta 
Dviguneekrutha sankalithaanmoolam gacchovasishtasamam 
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The number of terms is equal to the square root of twice 
the sum of the series which must be the same as the residue left 
{after the extraction of square root). Len = V2Sn 


For finding first term of the series Sreedharacharya has 
given a rule (Patiganita 86.1) 


aif: TeEMint femrseraaA 11 
Aadi:padabruthaganitham nirekagacchaghnachayadalenonam 
‘The sum of a series, as divided by the number of terms of 
the series, being diminished by half the common difference as 


multipled by the number of terms minus 1, gives the first term 
of the series ie First term a = $/n-¥ d(a-t) 


In Patiganita the equation for finding the first term is given 
in rule 88 
frrereericerentirerrnerraret afafere 1 
Seren we oe geet: 1 
Vipadapadavargadalaahathamisraghanaathphalamapaasya 

parisishtam vyekapadaardhena bbajeth vyekena padaahathenaadi: 

Having subtracted the sum of the series from the mixed 
amount as multiplied by one half of the number of terms squared 
minus the number of terms, divide the residue by one half of 


(the difference of) the number of terms minus one, as diminished 
by one and multiplied by the number of terms, 


‘Thus the first term is a = (%4(n*-1)(a+d)-S) + (4(a-1)-1)n. 


Patiganita (86 ii) gives the rule for calculating the common 
difference of a series. 


Reed Tah freerecegt waa: | 
Padabruthaphalam mughonam nirekpadadalabrutham prachaya: 
‘The sum of a series as divided by the number of terms (of 
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diminished by the first term and then divided 
pr ieltchienetober of enna minus 1, gives common difference 
of the series. 
Le. Common difference d= (6/(a-2)) + % (0-1). An applied 
problem is given in Bhaskarabhashyam (106.4) 


In the month of karthika, a king gave away some money 
daily starting with 2 on the first day and increasing that by 3 per 
day. Fifteen days having passed, there arrived a Brahmana (Vedic 
scholar). The amount for the next 10 days was given to him and 
that for the next 5 days (of the month) to another. What do the 
last two person get? 

Here the initial amount on the 15th day is to be calculated 
as the nth value in the arithmetic progression starting from 2 
and incresing by 3. The total sum ($10-sum for 10 days- from | 
15th to 25 days are to be separately calculated as the first term { 
the amount of 15th day and the common difference as 3 and the 
number of terms as 10. The same is to be repeated for the 26th | 
to the 30th days (5 days) to. calculate sum for 5 days ($5) for | 

second person. Solution for getting the partial sums can thus be 
calculated. 


Problem on the progression of 1 + (1+2)+(1+2+3)+ 
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type of series. 
type of progression (109.1) 


Pnchacrscmadtannaam chatburdasaanaar che yaa: kramaaccithaya: 
gacchastharaasthri konaa roopavidhaanamche) me veachyam 

There are (three pyramidal) piles (of balls) having 
respectively 5, 8 and 14 layers which are triangular. Tell me the 
number of units (balls) in each of them. 

This problem is worked out as follows. In the topmost 
layer of pyramidal piles, there is 1 ball; in the second layer from 
the top, there are 1+2-3 balls; in the third layer 1+2+3=6; 
like wise in the 4th layer 10 balls and so on. Number of balls in 
the first pile having 5 layers, is equal to 14(142) + un upto 
fifth layer. The value is (5x6x7) 1/6, This formula is given in 
Aryabhateeya (2-21) 

walrraguiatttentsteratrtert: 1 
weve: afefrer: deceert fget at ii 
Ekotcharaadyupachithergacchaadyekottharaathrisamvarga: 
shadbbaktha: sachiti ghana: saikapada ghano vimoolo vae 

Of the series which has one for the first term and one for 
the common difference, take three terms in cottinuation, of 
which the first is equal to the given number of terms, and find 
their continues product. That product or the number of terms 
plus one subtracted from the cube of that divided by 6 gives the 
chitighana 

Chitighana literally means, the solid content of a pile in 
the shape of a pyramid on a triangular base. The pyramid so 
constructed as 1 ball in the top and 1+2 balls next and so on. i.e. 

iW 
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n(a+1)(a+2)/6 and (a+ 1) (a+1) divided by 6 = Sn 

Problem related with a series: 12+2°+3?+...0? type, 
Aryabhateeya (2-22a) gives the rule for getting the sum of the 
squares of terms in a series. 

aearerri sm firiatirer Tether: | 

Scikasagacchapadaanaam kramaath thrisamuargithasya shashtomsa: = 

Continuous product of three quantities ie the number of 
terms, plus one, the same increased by the number of terms and 
the number of terms when divided by 6 gives the sum of the | 
series of squares of natural numbers (varga chiti ghana) 

Le for 12422434 vt? series. The sum = n(a+1) (2041) 
x | 

‘The sum of the squares of the terms of the given series can 
be found out using the equation given by Sreedharacharya in | 
Patiganita (rule 105) 

E (a+(r-t)d)? = (a+(a+2d)+a+4d)+....t0 m terms) x a+ 
(12+22+3%+.... (1)? This has been described as follows: 


‘Sirdar 
Dvigunithas chayena ganitham mukbasangunitham nirekagacchasya 
kruthisankalithena yutham chayakruthi gunithena vargayuthi: 

‘The sum of the arithmetic series with twice the common 
difference when multiplied by the first term and then increased 
by the sum of the squares of natural numbers ranging from 1 to 
one less the number of terms, as multiplied by the square of the 
common difference, gives the sum of the squares of the terms of 
the given series. 

Bhaskaracharya I gives an example for this type of series in 

M2 
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| Bhaskarabhashyam (111.1) 
wart seri ace apinivara: | 
| wetter art veer fe wien: 11 
Sapthaanaam ashtaanaam saptadasaanaam chatlnerbbujaaschithaya: 
ekavidyaanaam vaachyam padastharaasthaa hi vargaakbyaa: 
| There are (three pyramidal) piles on square bases having 7, 

8 and 17 layers which are also squares. Say the number of units 
there in. 

There are three pyramids. In the topmost layer there is 
one brick, in the next layer there are four bricks (2%), in the third 
layer 9, (3%) bricks and so on. Hence the number of bricks used 
in the three piles separetely are 140, 204 and 1785, respectively, 
The solution for this problem is possible from the equation given 
in Aryabhateeya (2-22) described above. 

Problem of a series of the type: 1 + 2 + 3+... +m. 


‘The square of the sum of the series of natural numbers 
gives the sum of the series of cubes of natural numbers (Ghana 
chiti ghana) ie, Sum of P+2°+3?+......+0 series = (¥ n(a+ 1)? 
= (142434 cut)? 


Bhaskaracharya I gives the problem in which the above 
formula is applied (111.2) 


Wrenn: TATA: AT: 1 
(Chathnerasraghanaschithaya: panchachathurnavastharaa vinirdesyaa: 
ekaavaghatithaasthaa: samachathura sreshtakaa: kramasa: 

‘There are three pyramidal piles having 5, 4 and 9 cuboidal 
layers. They are cuboidal bricks (of unit dimension) with one 
brick in the topmost layer. Find the number of bricks used in 
them. 
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i i » im the 
‘There are 1? bricks on top and 2 in second layer » int | 
third layer and 0 0, The umber of bricks in the thes pile 
‘are 225, 100 and 2025, respectively. The Equation solving | 
the problem is given above. n, for three piles are respectively 5, 
4 and 9, This rule is also given in the Patiganita (rule 103) for En’, | 


One half of what is obtained by adding the number of 
terms to the square of the number of terms, when multiplied by 
itself, gives the sum of the cubes of natural numbers. (from 1 
upto given number of terms) ie En? = ((a?+n)¥%)* 
This rule is the same as that given by Aryabhatta and can 
be used to solve the problems like that given in Patiganita (117) | 
waiter wre we fray waft | 
SRY Ret eRe Tee Sefer SRT 
Friend, quickly say what is the sum of cubes of 10 terms of 
a series whose 1st term and common difference are each unity. 
And sum of the successive sums of those terms. 
Formula for finding out the value for the series of 
Zn+Zn'+Ln’ is given in Patiganita (rule 102 and 104) 


The number of terms plus one, as multiplied by twice the 


stumber of terms plus one, being (further) multiplied by half the 
number of terms. 


Zo+n'+n’...= % (2n+ 1) (a+1)n. The other ruleisas follows. 
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Sererinfert fretept waft 

sfeepincrt defied wy 

Saikapadavargathaadithapadam dvikopedagunam bbavathi 
‘The number of terms as multiplied by the square of (the 
sum of) the number of terms +1, when (further) multiplied by 
the number of terms plus 2 and divided by 4, gives () the sum of 
successive sums of natural numbers (from 1 upto the given 
numbers of terms) (ji) the sum of squares of those natural numbers 
and (ii) the sum of the cubes of those natural numbers. i.e n(a+ 1)? 

(n+2) divided by 4. 


Patiganita also gives another example as follows (118) 


it sankalithesemacsamaanaam 
shannaam sakbe padaanaam ganayithvaa yadivijaanaasi 
Friend, if you know, then say after calculation () the sum 
ofsuccessive sum of 6 natural numbers (i) the sum of the squares 
of the first 6 natural numbers and (ii) the sum of the cubes of 
first 6 natural numbers. (these can be calculated by above rules), 
In Patiganita the sum of another series of the cubes of 
numbers is given (rule 107) 


decrweren aH ramet (aa) fi wer 
Fewer feenfeaeta om: 11 


n 

To the square of the sum of the given arithmetic series, as 
multiplied by the common difference, and the product of the 
first and the sum of the series, as multiplied by the first term 
minus the common difference, the result is the sum of cubes of 


the terms of the series with given terms and common difference, 
Inaseries 2+(a+d)+(a+2d)'+....(a+(a-1)d), 
The sum = stxd + axsx (ad). Wheres = a + (0-I)d 
A problem on the application of this rule (Patiganita 121) 
qeakteqgt wrt a HAR TT: | 
agaf acaeret aferear Prenat 
Panchaadidvika vriddheenaam padaanaam ye kramaath ghana: 
chathurnaam thathsamaasena ganayithva nigadyathaam 
Say result of adding together the cubes of the four terms 
which begin with 5 and increase successively by 2. 


Various types of rules / equations for calculating the sums, 
number of terms, common difference etc. in mathematical series, 
are given in many ancient books. 


If the discoveries of those equations are traced in the 
modern mathematics, it would remain as an incomplete task 
because nothing much is known on the history of this topic. 
‘Almost all these equations/ formula in the theoretical and applied 
field, were known to Indian mathematicians. Itis important to 
remember that many more such rules and applied mathematical 
problems are available in the books mentioned above. The above 
set of examples and rules have been quoted to show that this 
subject was of great interest to our forefathers millennia ago. 


Determination of unknown value from sums, products, etc, 


Determination of specific values from sums/j 
ratios/differences of two Se shar Seey ea 
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Teretitvert errr | 
WH a weed cede wag 
Raasyorayogobhighatho vargayogasthadantharam 
eshudvaabbayaam dasavidham raasyoraanayanam bhaveth 

For finding out the unknown values in a problem, when 
the sum, difference, square and their differences, etc., are given, 
there are ten different methods. In Bhaskaracharya II's Lilavati 
(page 86) an example of this problem is given. 

aaitiirert ta, frit: wouter: 1 
duet ae a ae afte dart af 1 
Yayoryogasatham saikam, viyoga: panchavimsathi: 
thairasee vada me vatsa retsi sinkaramanam yadi 

When two numbers are added, it gives 101, and subtracted 
the result is 25. Tell me boy what are the numbers? 

Ifthe numbers are say, x and y. Then, x+y = 101 and xy 
= 25. When these two are added, value for 2x will be obtained. 
Half of that will be, one of the unknown numbers (x), which is 
38 and the other (y) can be determined by substituting the value 
{or x, This rule is stated in different way in Vedaganitham *, 


wafer aprredt Seetafe yelaq 

Vargaantharaath yogabbaktho bhedasthenaapi poorvavath 

Half of the sum of the sum and difference will give one 
value and half of the difference of sum and difference of the values 
will give the other 

Leifthe sum is A and the difference isB, then % (A+B) 
gives x and (A - B) gives y where x and y are two unknown 
numbers. Similar problem when difference and product of two 
numbers are known, is given by Bhaskaracharya Tin his Bhashya 
for Aryabhateeya (113.1) 
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The pr 
difference is 2. 
difference is 7. Tel 
all the four numbers) 

jing the numbers, a5 X,Y, ---.- etc., and followin, 
the proton answer wllbeobained. Product of numbers 
the gum and sum of the squares can be determined according to 
the method given by Aryabhatta I (Aryabhateeya 2-23) 


worees fe anig faeinrta airy | 
ares wren, Frere, overcast ye 
Samparkasya hi vargaath visodhayedeva vargasampa 
‘yatthasya bhavathyardham vidyaad gunakaarasamvargam 
From the square of the sum of two factors, subtract the 
sum of squares. One halfof that should be known as the produc 
of the two factors. 
Ifa and b are two factors, then ax b=% (a+b)*(a'+b) 
Mishra and Singh ®, say that the credit of finding a solution 
for the first degree indeterminate equation, by a method called 
Kutta (literally means pulverizer) by breaking into smaller 
fragments by means of continued division, goes to Aryabhattl. 
The method resembles the continuous fraction process developed 
by Euler in 1764. More than 1250 years before Euler, 
Aryabhatta I could find out a solution for the indeterminate 
equations. Higher levels of applications have been achieved by 
many commentators of Aryabhateeya later. Hardikar®, has also 
proved that the solutions of indeterminate and first order 
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equation were discovered by Indians, millennia ago. 


A number of applied problems are gi is subject i 
b given on this subject in 
many Sanskrit books. A few examples are given below from 
Sreedharacharya's Patiganita (73, 74) 


Tear eRe ATs fee 1 
Mudgaanaam kudavaa: saptha labbyanthe navabbi: pane: 
panena kudavasyaardham thandulaanaamavaapyathe 
thatha: panathrayam saardham grubeethvaa fasu vaningmama 
thandulaanaam prayacchaamsa mudgaanaam cha doisangunam 

7 kudavas (unit of measurement) of mudga are obtained 
for 9 panas and 4 kudava of rice is obtained for one pana. Then 
O! merchant take 3% panas and quickly give me one part of rice 
and two parts of mudga. 

Finding out the quantity per unit pana is to be followed 
for the answer. The quantity of mudga is (49/32) and rice (49/64). 

Bhaskaracharya II has given a problem of the simple order 


intermediate equation for finding out the unknown number from 
a final value when the initial number has undergone a ‘series of 


processing’ in Lilavati (77-2) 
oes yt aA TT aah | 
Treva: Yad dau: cecal evens 7 1 
Amalakamalaasasesthrayamsa panchaashashtai 
sthrinayanahari soorya yena thuryena chaaryaa 
gurupada mathashatbbi: poojitham seshapanchai: 
‘sakalakalasankhyaam kshipramaakhyaahi thasya 
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cic... 


One third of the total lotus flowers were offered for 
performing pooja to Sankara, 1/5 to Vishnu, 1/6 to Surya, 1/4 | 
to Devi and remaining 5 to Guru. What was the total number of 
lotus flowers? 

Solution for this problem can be obtained by assuming 
that the number of total lotus is x and taking the sum of all 
fractions. Le 1/3 x +1/5x+ 1/6x+1/4x+5=x. From this the 
value of x can be calculated. Another type of similar problem 
for determining a number is given by Bhaskaracharya I in 
Aryabhateeyabhashya (124.1) 


A number is multiplied by 2, increased by 1, divided by 5, 
iplied by 3, then diminished by 2 and divided by 7, the 
result is 1. Say what is the number? 

Answer can be derived by tracing back method, stepwise 
assuming the unknown number as x. Yet another example given 
in Bhaskarabhashya (133.1): 

watts =i 3 ei da eae 
safret q afar a a deT 1 
Panchabhirekam roopam dve roope chaiva sapthabbaagena 
avasishyathe thu raasiviganyathaam thathra kaa sankhyaa 


A number leaves 1 as the remainder when divided by 5 
and, 2 when divided by 7. Calculate the number. 


Using intermediate equation method, solution for this 
problem could also be found out. 


The method of equating two parameters of which one is 
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known and the other j, 


" s unknown, is also adopted in 
mathematics. Bhaskaracl 


. Bhaskaracharya I has equated tw persons who 
are equally rich, having two items in differem quantities and 


told to find our the price of the unknown item. 
(Aryabhateeyabhashyam I, 127 and 128) 


worhian ag yet fact = qena wa 11 
Kunkumapalaani chaashtaavekasya dhanasya roopakea bhu thi 
dvaadasapalaani vidyaavanyasya dhanasya roopakaasthrinsath 
'huyiardena ds kreetem kuankoanam deaabbycm kiyathpalaardsena 
iechaanithathra boddbum moolyam vittham cha thulyemeva thayo: 

A certain person has 8 palas of safforn and money 
amounting to 90 rupakas, another person possesses 1? palas of 
saffron and 30 rupakas (and two are equally rich). If two persons 
have bought the saffron at the same rate per pala, I want to know 
the price uf one pala of saffron and also equal wealth possesed by 
the two, (equivalent in rupakas) 

This problem has to be solved using a umple equation 
8x+90= 12x+30: from this x (price of saffron) can be obtained 
and substituting the value for x, total wealth can be determined. 


In yet another problem given in Bhaskarabhashya (128.4) 
this question is asked 


7a fra Pa) TRAE (q) afer 1 
wet 3 amt wr fe Were 
Nessa guile sip hve roopakasemaasthrayaanssam (thu) gulikaanaan 
thravodasserceir cies roopakaanaam thacas kim gulikaa moolyen 


HW yulika aud 7 rupaka are equal to 3 gulika and 13 rupaka, 
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what is the price of one gulika? (the answer can be determined 
through the same method followed above) ; 

In Patiganita (52. i) an important problem on the quality 
of metallic alloy is given, in respect to the colour of product, 
From this the composition should be found out. Its like finding 

rage of many averages. 
out the averagi y averages. a) 

Hemagunavarnayoge hemaikyabruthe bhaved varna: 

The sum of the products of weight and varna of several 
pieces of gold being divided by the sum of the weight of the 
pieces of gold, gives the varna of alloy 

Len pieces of gold of weight wa, wb, we, wd, .....wn and 
varnas va, vb, ve, vd.... vn, then varna of the alloy v = (wa va 
+wb vb+ we ve+....wn vn)/ (wat wb+we-+....wn) 

A problem of significance is given in Lilavati_ by 
Bhaskaracharya Il (p.129.ex.13-1) 


a fia feted qa wd: aqata fe yer, yote 
arm: | ant a greta aed faye 
aA SRN Ta AA 
Ye nirjaraa dinadinaardha thrutheeya shashtai: 
sampoorayanthi pruthak pruthakeva mukthaa: 
‘vaapeem yadaa yugapadeva sakhe vimukthaasthe 
henavaasaralavena thadaa vadaasu 
By opening 4 inlets separately, one pond gets filled 
respectively within 1, ¥4, 1/3, and 1/6 days. Ifall the four inlets 


ae opened together, how much time (in fraction of the day) is 
required to fill the pond, 


Equations of the higher order: 


Higher order equations, 
handled by Indian mathemat 


including quadratic equations were 
‘cians. Solution for arriving at the 
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answer of quadratic equation is given in "Vedaganitam" (Page 


35,36"). 
aqueriaa: wa: cert Wr | 
sercnt Stet vet wat qe 
Chathuraahatha vargasamai: roopai pakshadvayam gunayeth 
avyaktha varga roopairyulthow pakshow thatho moolam 

Add on both sides of an equation, 4 times the unknown 
value, Again add on both sides the square of the unknown value 
and take the square root. (This summarised procedure can be 
mathematically presented as follows:) 

at + bx = Multiply both sides with 4a 

4a’x? + 4abx = 4ac Add b? 

4a'x? + 4abx + bY = dac +b? 

(2ax + bf mdac+ b? Le 2ax + b = V(dac + b?) 

from the above, x can be calculated, says the rule, 

Sreedharacharya and Bhaskaracharya Ihave discussed many 
examples on the application of the quadratic equations. One each 
from these two authors are given. (Patiganita example 100) 

aRTgeM: eEgreahad: a: wet 
Tt frorafr at qaaet feet vst 11 
Vaanarakulathribhaga: suathryamsa samanvitha: sera: pr 
moolam cha pipaasathi dvow choothathale sthithow seshow 

One third of a troop of monkey with one third of itself 
has gone to the tank; the square root of the whole troop is afflicted 
with thirst, and the remaining 2 monkeys are sitting under the 
mango tree. What is the total number of monkeys? 

The problem can be written as follows: 

1/3a + 1/9a+Va+2—a. 

This e 


‘quation is quadratic in nature and the solutions can 
be found ou 


tas explained before using the standard method. 
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Bhaskaracharya's Lilavati (page 95 example 1) gives the | 
following exercises 


Wea Woe aT a freraTTTTTTATR | 
ada deme Sade wi et ae ATTRA 4, 
Bale maralakula mooladalaani saptha theere vilaasabhara 
manthara gaanyapasyam kurvancha keleekalaham 
kalahamsayngmam sesham jale vada maraalakula pramaanam 

Isaw that one half of 7 times of the square root of the total 
number of swans were slowly moving away in the river, 
Remaining 2 are playing in water. What is the number of total 
swans? (equation: 7/2 Va+2=a) 

Mahaveeracharya (815 AD) in his Ganita sarasangraha (4. 
41) has also given an interesting example, the translated version 
of which is given below. 

“Among the total elephants, 1/3rd of them and three times 
the square root of the remaining are in the valley. One male 
with three female elephants is in the river. Find out the total 
number of elephants”, (Equation : 1/3a + 3Va+1+3=a) 

Alll these authors have given in derail the rules and methods 
through which it should be worked out. It is noteworthy here 
thar the commentators of the original works have gone deep 
into various aspects of the equations and have expanded the 
theoretical and practical scope, by incorporating and updating 
the knowledge. 

The credit of discovering binomial theorems and theit 
application should go to Indians. The theorem in its modern 
and simplest form can be written as (a+b)" = a°+... +b" ienis 
positive integer. This form of writing the equation was done by 
an Indian scholar, Halayudha of 10th century AD*. Higher level 
binomial equation was arrived at by him based on the principles 
of syllables, given in Chanda sutra of Pingalacharya (200 BC). 
He used the examples to show not only the theoretical capability 
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ofthe ancient mathematicians but also the correct method of its 
application in distinguishing the sound intensity. Derivation was 
arrived at by him as follows; Ifa three syllablic Madhya Chanda 
based on guru and lakbu sounds were followed, then variation 
of guru and lakhu sound will be on the following pattern: 3 guru 


sound occur once, 2 guru and 1 lakhu occur thrice, 1 guru and 
2lakhu sounds occur thrice, 3 lakhu occur once. The equation 
can be derived easily. If guru is g and lakhu is 1 then, 

(+1) = g°+3g'1+3g17+P. This equation is the same as 
(x+y). Similarly for finding the pratishta Chanda, in the Chanda 
sastra of Pingalacharya, the following equation can be indirectly 
applied in this form: (g+1)' which is expanded as 
eit 4gil + 4g'l'+4g1°+1* Le 4 guru sound occur once, 3 guru 
and 1 lakhu occur four times, 2 guru and 2 lakhu occur four 
times, 1 guru and 3 lakhu occur four times and 4 lakhu occur 
once. 


More information was also known on the higher levels of 
equations, as stated by Madhavacharya in Kriyakramakari. Here, 
Madhavacharya quoted another famous mathematician 
Chitrabhanu who has given the following equations *. 

@-b’- (@-bY) /3(a-b) = ab 
@-b’- (@-b)/3 ab = a-b 
Q(@-b) + @-b)/3 + bm a-b 
Summing up the descriptions on these mathematical 
¢quations and rules one can understand that the algebra of even 
higher order were used in India centuries before the present state 
of development in the subject. The credit of discovery of the 
quadratic equation and all other binomial equations have been 
fiven to the Europeans Apianus (1527 AD), Stfel (1544 AD), 
Acheubel (1545 AD), Tartagalia (1556 AD) and Bombelli (1572 
AD)*. But is was the Indian scholars who gave the foundations 
for the binomial theorems with theoretical and applied back 
ground and common applications. 
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Geometrical Studies 


‘A well defined chronlogical pattern can be seen in the 
development of Geometry in India. Mohanjo daro, Harappa, 
Lothal and dozens of other archeologically important sites (and 
some more are being excavated) have shown that the 
constructions have definite geometrical patterns®. They are 
triangular, quadrilateral, circular or imposed structures and all 
of them were constructed by following refined geometrical 
applications. Some of these structures have a mathematical 


history, of not less than 5000 to 6000 years. 


However, from the available literature in Sanskrit, the Sulba 
sutras stand first. These books deal with the ritual in the Sroutha 
sutra and at the end of the Sroutha sutra comes the Sulba sutras, 
But the Sulba sutras have a definite Sanskrit style and 
compositional structure of the Vedic Sanskrit language. The 
prominent among the Sulba sutras are Bhoudhayana, Apastamba, 
Katyana and Manava Sulba sutras. Even though the periods of 
these books are generally fixed at the beginning of first millennia 
BC, some historians estimate the age to be in 2 and /or even 3rd 
millennia BC”. Even if we fix the period to 1000 BC. It is far 
older than the defined period of Greek mathematicians, which 
falls between 500- 200 BC“. The selected quotations from Sulba 
sutras can give ,the modern geometrical concepts developed in 
ancient India. 

Bhoudhayana Sulbasutra : This is chronologically estimated to 
be the first among all the Sulbasutras. It may be around 1000BC 
and this Sulbasutras got the present form. 


Quotations, without detailed explanations are given below, as 
they are self-explanatory, geometrical informations. 


arnt sade mérafadtiarad 1 
aqaeasi vftrsdcast | 
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\juayuamamaathree bhavatheethi gaarhapathyachither vijnayathe 
~ chathurasrethyekaashaam parimandaleethyekeshaam 
According to tradition the Garhapatyaygi fire altar has the 
measure of area one vyayama, It is a square according to one 
tradition and a circle by another (I1.61-63). Thisis an example to 
show the emergence of the geometrical background in Sulba sutras, 


sinfafry Fara | Prowgachithim chinvithetbi 


For prouga chitia fire altarin the form of isosceeles triangle 
isto beconstructed (II, 161): shows how theorems and equations 
related to triangles emerged in the ritual books. 


orm: aimy fatadir 1 Ubbayatha: prougam chinvithethi 


Ubhaya prouga chiti, a rhombus with two isoceeles 
triangles is to be constructed (III. 172) (relation between the 
thombus and isosceles triangles are dealt with) 


(For yavanaagni a rhombus equal in area to two aratnis 
and one pradesa (1% purusha in area) is laid (III. 173) (method to 
generate a geometrical figure from its area). 


Different types of bricks are described as follows. Bricks 
with one side equal to one fifth of purusha (Purusha is a 
measurement equal to the height of the yajamana). Quarter bricks 
bounded four sides 4 pradesa (6 angulas: average diameter of the 
finger is one angula), 1% pradesa (18 angulas), 1 pradesa and V2 
pridesa. Adhyardha bricks bounded four sides 4 vyayama (48 
angulas) 1 aratni (24 angulas) and V2 aratni. These make 6 types 
of bricks (12.7) 


This example gives a lot of information on the use of square 
foot, relation among various measurements, manufacture of 
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bricks, having different shapes and sizes, etc. and also the approach 
to arrive at various structures by including many parameters 3 
a branch of ganita. 


meray fret yi waft | 
Samachathverasrasyakshnayaa rajju dvishtavathim bhoomim karothi 

‘The diagonal of a square produces double the area ofthe 
‘square (1.45) a rule to be followed in the construction of chiti. It 
is a geometrical theorem. 

Saqerererareg: wed feria 
a ay ayreagyd wif | f 

Deerghachathurasrasyakshnayaarajju: paarsvamaani 
thiryanmaani cha yatpruthakbhoothe kuruthasthadubhayam karoti 

Areas produced separately by the length and breadth of 
rectangle together equal to the area of the (square) produced by 
the diagonal (1.48) (gives the directions, to make the geometrical 
figures under specified rules.) 


yeaehranefitrrdt: earguerer: 11 

thaasaam trika chathushkayordvaadasikapanchikayo: 

panchadasikaashti kayo: saaptikachathurimsathikayo: 

dvaadasika panchathrimsathikayo: panchadasikashad- 

thrimsikayo: ithyethaasoopalabdbi: 

This is observed in rectangles having sides 3 and 4 (5), 12 
and 5 (~13), 15 and 8 (=17), 7 and 24 (25), 12 and 35 (=37) and 
15 and 36 (=39) (1.49). 


Here, with examples Pythagorus theorem (Bhoudhayana 
theorem) is explained as: when two squares are constructed on 
the length and breadth of a rectangle, the square obtained from 
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the diagonal of the rectangle will have sides without fractions-as 
whole numbers given in parenthesis-for the rectangles having 
above set of lengths and breadths. 


Apastamba Sulbasutra: 


This appears to be of later origin than Bhoudhayana 
Sulbasutra, according to some historians. More descriptions and 
significant information onthe structure of altars and geometrical 
figures are given in Apastamba Sulba sutra, Some methods and 
geometrical structures given in the Boudhayana sutras are also 
repeated here with minor variation in languxge style. A few 
important and relevant quotations are given belc.v. Some of them 
are improvements and addenda to earlier writings. 


For different agni (yajna ritual) altars with varying areas 
are to be constructed. (8.3) 


Tafae: wenipPafifae: fertarteafaatqdta: 
To Warerterafrm 11 
Ekavidha: prathamognirdvividba: dvitheeyarthrividba 
sthrutheeya: tha evamevadyanthyai sathavidyaath 
The first agni is one fold (1'sq, purusha) in area, the second 
2fold (2% sq. purusha) and third 3 fold (3%4sq. purusha) and so 
on. In this way one has to go upto hundred and one fold agni 
(with the sacrifical altar having area 101% sq. purusha) - (Even 
for the same type of yajna, when repeated year after year by 
same yajamana, the size of the altars is to be increased. This 
increase in size has a mathematical relation. Hence this also 
emphasises application of geometry at various instances) 


yer fafa sf faarat | 
Purushamaathrena vimimeethe ithi vijnayathe 


According to tradition all the measurements are to be made 
with purusha unit i.e to be measured with bamboo (8.7). 
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ere was a definite mechanism for the 


This shows that th ats le 


standrad of measurements and the 


saat fared 11 
Paada: bhavanthi aarathnimaathryo bhavanthyoo 
pees! dei bhavantheethi vijnayathe 


Other measurement units to find out the area are pada, 


aratni,urvasti, anuka, etc. (11.2) They are related as follows, 


spires warrant aardier 11 
Chathurbbaageeyamanookam panchabbaageeyaaratnee 
thathorvasthee 


‘Anuka is 1/4 of a purusha, aratni is 1/5 of a purusha, and 
so isurvasti which is 1/6 of purusha.(11.3) (It gives a clear picture 
ofthe relationship between the different units of measurements), 


Using the areas, diagonals, or one of the side, the 
geometrical structures were constructed. When area of the circle 
is given, it has to be constructed after finding out the diameter. 
Hence the method of finding out the diameter was expected to 
be known. The same is the case for all other structures. 
Constructing square from its diagonal, rhombus from diagonal, 
square inscribed circle and so on... Rules are clearly given for 
this purpose. Similarly from the mesurements of the altars and 
the number of bricks required to construct the same, bricks are 
to be designed anthmade based on the geometrical knowledge. 
No broken or smaller bricks can be used for final adjustment in 
construction purposes. Hence the brickmaker is expected to have 
a perfected geometrical back ground of high standard, so that 
the person involved in the construction of altars can extrapolate 
and intrapolate the measurements of bricks and their sizes. Some 
examples on this line are also given below. 
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Tani: Tcierertt yi vised 

Per aferage, Sear Aaa 
Yaccuanagni: saarathnee pradesaashtasathim bhooomim parimandalam 

kruthvaa thasmimschathu rasram avadadbyaavath sambhaveth 

A circle of area equal to that of the fire altar with 2 aratnis 
and one paradesa is made and the largest possible square is 
inscribed in it (12.10) (The knowledge on the construction of a 
circle, after calculating the diameter from the area is the first 
step. Then asquare, suitably fixing in the circle, is to be inscribed 
after calculations). Here measurements of the structures are not 


crude or simple. It is complex too and an approximation will 
not work. 


fea wag ytereaquiia: qe sree 
wrerecrt ureane: yaer wfoqeonft ATA |! 
Duipurusham paschaadardhapurusham purasthaachbathuer 
hagona: purusha: aayamo fsbtadasa karanyow paarsvayoshta: 
panchadasa parigrubnaathi thatpuccham 
(An area bounded by length of) 2 purushas on the western 
side, 1'4 purusha on eastern side, V18 on each of other two sides 
and having height 3/4 purusha can accommodate 15 bricks (19.1). 


Hence size of the bricks has to be calculated from the given 
data of the number of bricks permitted in building this altar. 


wisi, ahh: viet sei fairetrag 
aed afar 1) 


Shodaseem chathurbbi: parigrubneeyaath ashtamena 
thribbirashtamaischathurthena chathurtha saviseshenethi 


The bricks to be made by four sides having the 
measurements. 1/8, 3/8, 1/4 and V2/4 purusha (19.2) 


This obviously stands ours an example on the complicated 
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bricks making with the background of geometry. Sutra (1.5) says: 


wWumerregeeratt wi wife ae fri 
Chathurasra syakshnayaarajjurdvishtavathim 
bhoomim karothi samasya dvikarani 

The diagonal of the square produces double the area (of 
the square) and it is V2 of the side of the square. 

It is important to note here that the method for the 
determination of ¥2 is given in Boudhayana sulba sutra, for the 
first time in mathematics (1.61, 62) This is also explained under 
Katyayana sulbasutra. 

vari ait afters aqdarsagieiity wfaa: 11 
Pramaana thrutheeyena vardhayethaccha 
chathurthenaathsachathusthrimsonena savisesha: 

Increase the measurement (side of a square) by third and 
this third by it’s own fourth less the thirty fourth part of that 
fourth. This is the value with special quantity in excess for V2, 

Apastamba sutra (5.3 to 5.6) lines give measurements of 
sides of rectangles which can give diagonal measurements in whole 
numbers. This is an example of applied knowledge. 


frraqed: wearer wy: efrecisaedt: water 
erereg: | yoaeirateatt: aareferremrareg: 11 
Thrika chathushkayo: panchikakshnayaa rajju: 
dvaadasika panchikayo: thrayo datika ksbnayaarajju: 
panchadasikaashtikayo: sapthadasikakshnayaarajju: 
‘The diagonals of rectangle with sides 3 and 4 is 5, 12 and 5 
is 13, 15 and 8 is 17. 


‘Transforming one figure into another is frequently 
discussed in the book. 
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Tse aur faa] fered deer 
Fal TAS MARE aRTAGERL 1 
Mandalam chathurasram chikeershan vishkambham 
panchadasa bhaagaan kruthvaa dvaavuddhareth 
thrayodasaavasishyanthe saanithyaachathurasram 


To transform a circle into a square, diameter is divided 
into 15 parts, 2 of them are removed, leaving 13 parts. This gives 
the approximate side of the square (3.3) 


This however cannot give a good result. In Manava Sulba 


sutra better approximations are given for this calculation, which 
is referred elsewhere also. 


The following important rules are also given in Apastamba 
Sulbasutra: Rule 3.2 is for transforming a square into a circle, 3.1 
is for transforming a square into reactangle, 12.1 which has been 
stated earlier is inscribing a square in a circle of known area. 
Similarly inscribing different figures in other geometrical figures 
is given for the construction of required/suggested-types of altars. 
Katyayana sulba sutra: This book gives a variety of 
structures for altars: Katyayana Sulba sutra (41) says: 


5 : wm: a: 
Dronachidrathachakrachithkankachith prougachidubbayatha; 
prowga: samoohyaapureeshaa ithyagnaya: 

‘The altar is of the shape of a trough, chariot wheel, falcon, 
triangle, rhombus and a kind of pot in the shape of wheel. 

In all these structures the size, sides, shape of the bricks 
and their numbers are specilied. Hence the construction 
procedure have to be based on the geometrical information. 
Methods of finding the square roots are also given. Stanza 2.9 
describes the method for finding the diagonal of a square. 
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a fasra sft fav: 1! 
Karaneem thrutheeyena varddhayethacbha = 
svachatheerthenaa thmachathu sthrimsonena sa visesha ithi visesha: 

The measure of the side is to be increased by one third of 
its value, again its own one fourth, less the 34th part (of that of 
fourth). 
This is the diagonal of a square, whose side is the measure 
and this is approximate, which is also explained in other suthras, | 
Lee if the side is a the diagonal a+a/3+ (1/3x4) - 1/3x4x34. This | 
can give a fine approximation for the value of V2 a = 
1.4142156a..... The value for V2 = 1.414212. The modern and 
ancient values are almost the same. This value and method are 
reproduced here from Bhoudhayana Sulbam, Thibaut® says about 
this in his observation ".... thus it is clear that the ancient Hindus 
have attained remarkable degree of accuracy in calculation of 
the approximate value for V2" 

A detailed description on the construction of yajnasala 
(ritual hall) is given in the Manava sulbasutra (3.1-3.3), Infact 
this description gives the beauty and rule of the geometrical 
contents in the sulba sutra. 


weer cere, qafeactteret Caray | ureteray et 
aera aH ae: | Fay vel Prosar: weeRTTy | 
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The sacrifical hut pragvamsa occupies (on the ground a 
square area of) side 10 aratni, the hut for the wife (patnee sala) (a 
square) of 4 aratnis, end of the (maha) vedi is ata distance of 3 

akrama from the pragvamsa, and the hall sadas is one prakrama 
away from the western end of the mahavedi. The (praci) sadas is 
9 prakramas. The havirdana (a square) of 12 prakramas is 4 
prakramas from the sadas and 10% prakrama from the yupavata. 
(One pada is allowed for the yupavata and the remaining belongs 
to the uttaravedi. The agnidra hut (a square) of 6 aratnis, the 
chord measures 36 prakramasinuu 
Manava Sulba sutras: Almost all the mathematical descriptions 
given in above three can be seen in this Sulbasutra also, It is very 
important to note that many fundamental knowledge which are 
not described in other Sulbasutras have found their place in 
Manava sulbasutra, An example is the method for finding the 
volume of a structure given in the line 10.9 


srry aTEH, Pati fererreey wary, 
aaah qprsin aachyfindt wa: 1 
Aayama baahum nikshipya visthaarasthu thathaapruthak 
soadhyardham gunayedraasim sasarvagunitho ghana: 

Multiply the length with the breadth separately and that 
again by the height. This always gives the result in cubic measure. 
This appears to be the first ever seen in a literature for 
finding out the volume of a structure, These lines are written 
centuries before Archimedes, who found out the volume of an 
object by dipping it in a water tank, A few more quotation from 
the Manava sulba sutra on the circular structure are given, (11.13) 


fray: qoourrea freeufeara a: 
ar arse wfc a arermfaftert 11 
Vishkambha: panchabhaagascha vishkambbasthrigunascha 
‘ya: saa mandala pari kshepo na vaalamathirichyathe 
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‘The fifth part of the diameter added to three times the 
diameter gives the circumference of the circle. Not a hair isle | 
over. 

For circle 3.14 x diameter is the circumference. As per 
Manva sulbasutra it is 3.2 x diameter, which is perhaps the firs 
approximation for [] . The descriptions given in Apastamba sulba 
sutra (3.3-given earlier) to convert a circle into a square was only 
an approximation. More refined rule is given here (11.14) 


are fart freee frammyetent: 
7 weary, eared aemwfe: 11 
Dasadhaa chindya visbkambbam thribhaagaanuddharethhatha: 
thena yachhathurasram syaanmandale thadapaprathi: 

Divide the diameter of a circle into ten parts and leave out 
three parts. The square drawn with this (as side) and placed within 
the circle just projects. 

‘The measurements of the bricks given in rule 14.21 can 
throw light, not only on the geometrical accuracy followed in 
brick manufacturing but also the ceramics techniques followed 
during the period. 

weak errs frais are, yaar 
werden: EST: A ATT: 
Chathvaari karaanyanyeshaam thrichathurthena kaarayeth 

Four kinds of bricks were used with one third and one 
fourth (of a purusha) measurement. These are one ninth of the 
original (40, 40), triangular (30, 30, 30 2), half triangular (15 V2, 
30, 15 V2) and five cornered bricks (15 V2, 15 2,15, 30, 15). \ 

From the above selected quotations, alot more information 
can be elucidated. It is obvious that the geometrical background 
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was excellent, in sulbasutras 


i They acted as the strong foundation 
for building up the modern strong foundati 


mathematics, 


Even the actual proof of Pythagorous theorem was given 
in Greek only in 300 BC by Euclid, says Burk ©. Proclus (460 
BC) has made it clear that it is not an original contribution of 
the Greeks, as also proved by Mishra and Singh. Hence why riot 


the mathematician think of renaming the theorem a3 
Bhoudhayana theorem! 


Little more information if added to the above, the exact 
practical form of Bhoudhayana theorem is stated to have been 
known in Brahmanas (explanation of ritual part of the Vedas- 
also known as karmakanda) during 2500 BC. Satapata Brahmana, 
Taitireeya Brahmana and Garga samhita also contain this 
information, Seidenberg * has shown that Taitireeya samhita 
describes not only the algebraic or Computational aspects of this 
theorem but also geometric or sonstructive aspects which was 
not known to any others. (This is quoted from Seidenberg 1983, 
the geometry of Vedic rituals, in Agani, Vol. Il. Frits Staal, Asian 
Humanities press, Berkeley, page 125-126). Burk has concluded 
that the theorem was known to Indians with all its proofs, in the 
far past Pythagorus. 

Many studies have thrown light on the geometrical contents 
in these Sulbasutras on which modern mathematicians could 
arrive at important conclusions, thousands of years later. 
Construction of a line perpendicular to other is derived from 
Katyayana Sulbasutra (rule 1.4 and 1.5). Similarly construction!® 
of squares having areas either sum of two other squares, or 
differences of areas of two squares are also given in Apastamba 
sulbam 2.4, Boudhayana sulbam 2.1 and 2.2 and Katyayana 
sulbam 2.13 and 3.1 


Triangles : Details on the triangles are given in the Sulbasutras. 
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‘They contain measurements of sides, hypotenuse, areas and also 
the relations among these parameters. Inscribing other 
geometrical structures in the triangle and vice versa are also 
explained, including the methodology for doing so. Bhakshalj 
manuscripts contain a lot of information on the geometrical 
figures including the triangles, Bhaskarachraya I has given the 
examples of application of the rules (given by Aryabhatta I) on 
the lamp and shadow calculations. Bhaskarabhashyam co 
Aryabhateeyam gives the examples with details on triangles (92:3), 
afexingem warnigarifeat: We: | 
Tere valerate fray ae: 11 
Yashti pradeepamooolaath panchaasadvivarasamsthitha sanku: 
thasya cchayaa pangthirvaachyasthasmin kiyaandeepa: 
The shadow of the gnomon situated at a distance of 5C 


angulas from the foot of the lamp post is 10 angula. Say what is 
the height of the lamp. 


Height of the lamp post can be found out from length of 
the shadow and the length of the tip of shadow and lamp using | 
Bhoudhayana theorem. Another interesting problem on the same 


line is about the bamboo triangle, given by the author in the 
same book (99.4) 


serrate deh att afi | 
wert 1 HA FT: SMT 
Ashtaadasakocchrayovamso vaathena paathithomoolaath 
shadgathroaa wasor pathichaasthribbj ‘rulruaa ka bbaghna:syaath 
A bamboo of beight 18 cubits fell by the wind, it falls at a 


distance of 6 cubits from the root, thus forming a gh a 
where is the break? Seog cae 


This problem can be worked out as follows: The sum of 
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lengths of hypotenuse and height is 18 cubit and the base of the 
triangle formed is 6 cubits. From this the height (x) can be 
calculated as (18-x)*x?=62, 

Same problem is repeated by Pruthudaka in his 
commentary on the Brahmasphuta siddhanta (XII, 41) and also 
in Mahavira in Ganitasara sangraha (VII191, 192) 
Sreedharacharya, Bhaskaracharya I and Il and many others have 
given problems of this type related to bamboo pole, lamp post- 
gnomon and lotus - river depth, etc. Through this problem one 
can get the required exposure on the sound background of the 
ancient knowledge in the geometry of triangles. 
Quadrilaterals: Brahmasphuta siddhanta (XII, 28) gives the 
equation for the diagonal quadrilaterals in relation with its sides: 
"The sum of the products of two pairs of sides about any diagonal 
divided by the sum of the products of pairs of the sides about 
other diagonal and the result multiplied by the sum of prducts of 
opposite sides give the square of the first diagonal”. Similarly the 
second diagonal can also be calculated. First diagonal is x, (for 
sides a, b) and second y (for sides c, d) adjacent to them, 

Then, x? = (ab+cd)(ac+-bd)/(ad + bc) And 

B= (ad+be) (ac-+bd)/(ab-+cd) 
Patiganita (110-111) gives a rule for finding out the area of 


various types of natural and aritifical geometrical figures in the 
following way: 


rere ahr ferme, 

MAT AT 
aoaforevtnt fe wertat arr, caactt(a) 
Unt Ura TaeaMiqatr 11 


Aayatha samachathurasre dvithri samabbuije vishamachathurasram 
samavishamadvisamabbuja thrya sranyathavruthha chaape cha 
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‘shetbraani dassthaani bi phalamesbaam saadhayeth suakarane{na) 
ethath parikalpyaanyeshaam gajadanthanemi poorvaanaam 


The rectangular quadrilateral, the equilateral quadrilateral, 
equibilateral quadrilateral equitrilateral quadrilateral... the 
inequilateral quadrilateral, the equilateral triangle, the scalene 
triangle, isosceles triangle, circle and the segment of the circle 
are the ten primary plane figures; the area of these figures should 
be determined by applying their own rules. And by considering 
these, one should obtain the areas of other figures, such as av 
elephant, a buffalo, etc, 


This is the method adopted in modern mathematics too, 
iedividing the total figure into geometrical sub figures/structure, 
whose areas can be determined using standard equations. Then 
Partial areas are added to get the actual area of the figure. 
Narayana, in Ganita kaumudi, has given the same 10 figures as 
mentioned in Patigenita. Mahavira in Ganitasara sangraha gives 
three varieties of triangles, five varieties of quadrilateralsand eight 
varieties of curvilinear figures including ellipse, conical, conceve 
and convex and has given the detailed explanations. 


Aryabhattal (Aryabhateeya 2.6) gives the rule for finding 
Out the area of any triangle as the product of the height and half 
of the base which is the same as that known now. 


frre werent areca prefaart| 
Thribbujasya phalasareeram samadalakoti bhuijaardha samvarga: 


The area of a triangle is the product of the prependicular 
and half the base. 


Bhaskara in his bhashya for Aryabhateeya gives problems 
for the calculation of areas of different types of triangles (55.1) 


Tare sami art wai {1 
TOR wa ween 11 
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aa | Lay 


Saptasshea neablsgjaanaam ksbethraanaam: yathphalam samaanaain thi 

panchasravanasya sakhe shad bhoosankbyaadvithulyasya 

Tell me the area of the equilateral triangle whose sides are 
7,8 and 9 units respectively and also the area of isosceles triangle 
whose base is 6 units and lateral sides each 5 units. The above 
problems deal with equilateral and isosceles triangles. Similar 
problems on scalene triangles are also given by Bhaskara in his 
bhashyam (56.5) 

afore ei yore wet fgarta | 
fanfare wa ween a ae |! 
Karnasthrayodasa syaath panchadasaanyo mabee drisapthaiva 
vishamasthri bbujasya sakbe phalasankhyaa kaa bhavedasya 

‘What is the area of a scalene traingle in which one lateral 
side is 13 units, other 15 unit and the base is 14 units. 

‘This problem is also given in Brahmasphuta siddhanta (XIL 
21. ii), and was solved using the equation which is followed by 
the modern Mathematicians, Le. finding out the semi perimeter 
of the triangle, and following the equation VS x (S- A) (6 -B) (S 
=), where S is the semi perimeter i.e half of the sum of all the 
three sides and A, B and C are the sides of the triangle. However 
Bhaskara I even though was a contemporary to Brahmagupta, 
has not adopted this equation in Bhaskarabhashya. He followed 
a different way which gives only an approximate value for the 
area of scalene triangles. 
Polygonals: Bhaskaracharya II has given a very interesting 
information on the cyclic equilateral triangle and for Polygonals, 
in Lilavati (294-45,46 and 47) 


frorenirtierregren: sarees 
warm: sa, arhprearteateier gait: 
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REE Gren net aes tet wet 


a: Tara FoR Ye 
Thribdhyarkaagninabha schandraisthri bhaanaa shtaysgaashtabb: 
vedaagni baanakhaaschaicha khakhaabbraabbrarasai: kramaath 
baaneshu nakha baanai schadvidvi nandeshu Saagarai: 
kuraamadasavedaischa vruthhavyaase samaahathe 
Khakbakbaabbraarka sambhakthe labhyanthe Rramasobbujaa: 
‘vrutthaantha sthraya poorvaanaam navaasraantham pruthak pruthak 


For cyclic equilateral triangle, cyclic square, cyclic | 
equilateral pentagon,... to cyclic equilateral nonagon, (yelic 
figures having 3 to 9 sides with equal side measurements) their 
sides can be calculated respectively when diameter is multiplied 
Separetely with 103923 (triangle) 84854 (quadrilateral) 70534 
(Pentagon), 60000 (hexagon) 52055 (septagon) 45922 (cctagon) 
and 41031 (nonagon) and divided by 120000, the value will be 
the measurements of the sides of cyclic equilateral triangles to 
cyclic equilateral nonagon. Bhaskaracharya has given the 
example: If 2000s the diameter of circle, equilateral geometrical 
figures inscribed inside that circle will have sides as followa 


Geometrical figure Bhaskara's value Modern value 
Triangle 1732 + 1/20 1732,043 
Square 1414 + 13/60. 1414.21 
Pentagon 1175 + 17/30 1175.5619 
Hexagon 1000 + 00 999.996 
Septagon 867 + 7/12 867.5799 
Octagon 765 + 11/30 765.3636 
Nonagon 683 + 17/20 683.85 

fo) 


bviously the level of accuracy can be seen. No further 
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side of the cyclic figures is based on the application of the 
mathematical equations; a very important contribution, made 
nine centuries ago. 

Rectangles: Finding out the area of the rectangles was well 


known. An excercise is given by Bhaskaracharya I in 
Bhaskarabhashya (67.1), 


ae 4 vefafifer tefqeriet aq 1 
afegie wat afi fracaart q 1 
Ashtowpancha cha pangchirvisthaare dairghyamapyameeshaam yath, 
ashtirdvaadasa manavo ganitham kiyadaayathaanaam thu 

Breadths of three rectangles are 8, 5 and 10 units and their 


lengths are 16, 12 and 14 units respectively. What are the areas of 
rectangles? 


Bhaskaracharya has explained the area of rectangle as the 
product of adjacent sides, while commenting the same rule given 
by Aryabhatta, in his book. Aryabhattal has said that the product 
of length and breadth of a rectangle is its area. 


Trapezium : Determination of area of a trapezium is more 
complicated than the above two classes of geometrical figures, 
Aryabhatta I has given the equation for the area of trapezium. 
Using this descriptions one can easily derive the modern equation, 
Aryabhatta has gone through a different route, which is intersting 
for a student of the subject (Aryabhateeya 2-8) 


Aayaamagune paarsve thadyoga hruthe svapaatharekbe the 

visthaara yogaardhagune jneyam kshethraphalamaayaame 
Multiply the base and face of height, and divide (each 
product) by the sum of the base and the face. Results are 


rependiculars on the base and face. The result obtained by 
rauhiplying with half the sum of base and face by the height isto 
be known as the area (of trapezium). 

The modern equation for finding out the area of the 
trapezium is the same. i.e %(a+b)p wherea and b are the opposite 
parallel sides and p the distance between them. 

Bhaskaracharya gives an exercise for finding out the area 
using the equation in Bhaskarabhashyam (63.1) 

yfraqéren act taefr 
waf aaeet dari wel 4 Ae 1! 
Bhoomischathurdasasyath vadanam chaivaroopaani 
karno thrayodasaagrow sampathaagram phalam cha vada 

If the base of trapezium is 14 units, the face 4 units and the 
lateral sides 13 units each give out the junction line and area. 
Quadrilateral: In Patiganita (rule 117) a method for determining 
the area of a quadrilateral is given exactly in the same way as that 
given by Brahmagupta for traingle. In fact, it is said that 
Brahmagupta has given the equation for quadrilateral which can 
also be applied to scalene traingles, when one side is considered 
equal to 0. 


afi age were af | 
aemrererarmragens frat 11 
sadasaasamalambaanaama sadrusalambe vishamaabhow 

(For finding out the area of a quadrilateral), set down half 
the sum of the (four sides of the quadrilateral) in four places, 
diminish them (respectively) by the sides, multiply, and take the 
square root. This gives the area of a quadrilateral. 

This rule can be mathematically summarised as follows: 
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XS x G-A) ($B) (-C) (6D); where A,B,C and D are sides and 
S half of the sum of sides (semi perimeter). This equation is also 
siven in Brahmasputa siddanta XI 21(ji) and by Mahaviracharya | 
in Ganitasara sangraha (VII 50 (i) and also in Siddhanta sekhara 
(XI1.28). In the above equation, if one side (Say D) is 0 then the 
quadrilateral becomes a triangle and the area will be VS x (- 
A)(G-B)(-C). This equation is also given, in another ancient 


mathematical book known as Yuktibhasha, for the explanation 
connected with cyclic figures, 


‘When semi perimeter obtained by taking half of the sum 
of the sides of quadrilateral and the product obtained after each 
side is subtracted from the semi perimeter taking the square root 
of the product gives the area of triangle or quadrilateral. All the 
above equations/theorems in modern mathematics are known | 
as Herons’ equation/ theorem, even though they have been 
mentioned by Brahmagupta, Sreedharacharya, Mahaveera and 
Aryabhatta II. Brahmagupta had a sound knowledge in the cyclic 
figures too. He has given an equation for the diagonals of cyclic 
quadrilateral as follows "If one of the diagonals in a qudrilateral 
can be written as V(ab+ cd) (ac-bd)/(ad+ be) the other diagonal is 
Vlad + be) (ac-+bd)/(ab-ed)." 


This is said to be one of the important contributions of 
Brahmagupta. Moreover, these two equations are meant for cyclic 
quadrilaterals, which are given with the equation for area. Hence 
there is another view among mathematicians that the equation 
for finding out the area of the quadrilateral given above by 
Brahmagupta; VS (S-A)(S-B)(S-C) (S-D) is also for the cyclic 
quadrilateral and not for the non cyclic types. If so, Brahmagupta 
‘was correct too. The equation for the diagonals of the cyclic 
quadrilaterals is claimed to be the discovery by W. Snell ® in 
1919 AD, in Europe. Snell's claim was for an equation discovered 
more than one thousand years ago, by Brahmagupta, with all 
clarity of modern mathematics. 
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Cyclic quadrilaterals: The mathematical equation for the radius 
ofa circumcircle of a quadrilateral is given by Aryabhatta school 
as shown: 

R = 1/4 (ab+ed) (act bd) (ad+ bd) + at b+e-d) b+c+da) 
(+d+a-b) d+a+b-c). No mathematican has given anything 
equivalent to this during that period. In the above equation the 
denominator (a+b+c-d)(b+c+d-a)(c+d+a-b)(d+a+b-) is 
written as (¢-<) (¢-b) ($c) (a) where s is the perimeter equal to 
a+b+c+d. In this form the radius of the cyclic quadrilateral was 
rediscovered by Lhuiler in 1782 AD, centuries later then Indian 
discovery, put forward by the Aryabhatta school of mathematics, 

In the 14th century, Narayana Bhatta developed two 
theorems connected with the cyclic quadrilaterals, which were 
not recorded earlier by any other foreign scientist. They are: 
1, Three and only three diagonals are possible for four sides of 
cyclic quadrilaterals. 2. The area of cyclic quadrilateral is the 
product of these three diagonals divided by twice the circum- 
diameter. 

The first theorem given above is also said to be 
Brahmagupta's contribution. 

Different methods existed for finding out the area of 
quadrilaterals, Aryabhatta I has commented on determining 
different parameters of quadrilaterals without using the diagonals, 
thus given in Mahasiddhanta (XV. 70): 


soar far age was we wer TTT 
areaft Toret aifat a: fest at 1 


Karnajnanena vina chathurasre lambakarn phalam yaddbaa 
vakthum vaancchathi ganako yoasow moorkha: ‘pisaacho vaa 


‘A Mathematician who wished to tell the area or the altitude 
ofa quadrilateral without knowing a diagonal is either a fool or 
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an insensible person, 


In Brahmasphuta siddhanta (Ganitadhyaya X1.21) the 
method for the determination of the gross area of a triangle or a 
quadrilateral is given. 


wrest Frans agate ager: | 

sperm ¢ ARR 
Sthoolaphalam thrichathurbbuja baabuprathi baahuyogadalaghaatha: 
Dhujxyogaardham chathushtayo bhujonaghaathaalpadam sookshmam 


The product of half of the sums of the opposite sides is the 
area of tringle or quadrilateral. Ie area = ‘4 (a+c) x % (b+d). 


“Whenever a diagonal separates a quadrilateral into two 
halves, as triangles, the sum of the areas of the triangles will be 
the area of the quadrilateral": says Bhaskaracharya Il in Lilavati. 


Circles: Among many geometrical figures, circles and spheres 
have attracted the attention of both ancient and modern 
mathematicians, much more than any other figures. In circles 
the relations among the radius/diameter, circumference and the 
area are the three focussing points around which the studies were 
conducted. A series of theorems have also been developed during 
the 15th and the 16th centuries in Europe on the relations among 
these three parameters of circles. A detailed study on the subject 
could throw light on the ancient Indian contribution on this 
subject. It is a matter of fact that many of those theorems 
attributed to European mathematicians are really the 
contributions of Indians. 


Circles have been dealt in detail in the Sulba sutras. To an 
extent of resonable accuracy, the relations among diameter, area 
and circumference have been given in these books. More 
interesting is the principle adopted for inscribing other 
geometrical figures in the circles, The growth of knowledge of 
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ancient Indians on circles steadily increased to great depths and 
resulted in formulating theorems many of which arenow know y, 
in the names of Newton, Kelvin, Gregory, Euler * and others 
The Indian contributions on these theorems/ rules: equation, 
took place centuries before the period of the Western Scientists 


Sulbasutras brought in application, the methods uy 
constructing circular structures for the ritual altars. Arvabhatt 
(Aryabhateeya 2-13) defines drawing circles: 

am wer ae rm ae 
Veuttham bbramena saadbyyam vratthakshethram bhramena. sdadlyyuthy 

Circles can be drawn by rotation-using a compass - Thi 
tule is also given in Brahmasphuta siddanta (XXIL7) and in 
Sishyadhivruddhi Tantra (2.VII1.2) by Lallacharya, 


Aryabhatta Tin Aryabhateey. (2.10) gives the relation between 
the diameter and circumference of a circle accurately: 


are erat qerefere: 11 
Chathuradhikam sathatmashtagunam duaashashtsthathaa 
sahasraanaain ayuthadvya vishkambasyaasinnoo vruthhaparinaaha: 

When 100 increased by 4 multiplied by 8 and added to 
62,000 gives an approximcte value for the circumference of a 
circle having diameter 20,000 units. 

This gives a value of 62832/20,000 for II and it is equal to 
3.1416. This is the most accurate explanation for defining the 
value of I. Actual value of [Tis 3.14285..... However Aryabhatta 
has approached this problem perfectly by saying that the value is 

Sanskrit word asanno. The accuracy 


near approximation using the 
followed till the first century BC and also in 


level, indirectly 
Sulbasutras was only upto 3.2. Bhaskaracharya [, while eivitny 
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his commentary to Aryabhateeya (60.1) gives a problem for 
determining the circumference ofa circle from its diameter. This 
shows that there were methods for calculating the unknown 
parameters using the known parameters of circles during the first 
half of the first millennia AD. 
eee: Prepsreraa wa FEI: |! 
ae wrt vfiret A yr ate 1 

‘Ashtadvaadasa shadkeaa: visbhambhasthathvatho mayaa drushtaa: 
theshaam samavrutthaanaam parithiphalam me pruthak broobi 

Diameter of 3 circles are correctly seen by me to be 8, 12 
and 6 units respectively. Tell me separately the circumference 
and areas of the circles. 

This exercise, since written in the commentary of 
Aryabhateeya, is the application of the formula of 2[Ir for 
determining the circumference of a circle having radius r. In the 
use of this formula, Aryabhatta's value of I] has been taken as 
3.1416. A reverse method is also applied by Bhaskaracharya I in 
his usual style of giving the mathematical excercises, using 


fractions for finding out diameter from circumference. 
(@Bhaskarabhashya 76.2) 


TTT: Wo Wage a 
eraraat TT 1 


[Newanaviayamaraamaanaamashtaabbi:sarayamaamsabeenaanaam 
khakharasavrundasya cha me vyaasaavachaksua viganasya 

Calculate the diameter of a circle whose peripheries 
(Circumference) are 3299 minus 8/25 units and 21600 units. 
methodology is application of reverse of the above formula. 
Another equation given by Virasena in his commentary called 
Dhavalateeka, written in 816 AD, ona mathematical work which 
wat writen rch earlier by Pushpadatta namely Sakhandagama 
says thus: 


149 


aR aiseyfn serrate, Prevetirr | 
ware Par fea Gem sft TE va YET |, 
‘vyasa thrigunitha sabitham sooksmaath api thath bhaveth sookshmam, 

The diameter multiplied by 16 increased by 16 divided by 
113 and again combined with thrice the diameter is the 
circumference the more accurate than the accurate one. The above 
statement can be mathematically summarised as: 

Circumference = 3d + (16d+16)/113 

Tis equivalent to [] =355/1134 16/113d. The value is not 
Correct (3.28328). But Hayashi, T. Kusubha, T and Yano, M. 
have published the interesting information under the title: Indian 
value for [I derived from Aryabhatta in the Historica ScientificaY, 
‘The significance of this work is not perhaps in its approximate 
Yalue but in the application of round the way method, adopted. 
Shaskaracharya II in Lilavati (Kshetravyavahara-rule 40) gives 
relation between the circumference and the diameter, to arrive 
at the formula, as given by modern mathematicians. 

Bare werafa ed fared wagd: off: age: 1 
Biiefret fagtra wht: epi ee aera: 11 
Viyaase bhava nandaagni hathe vibhakthe 

Sooryai: paridhi: susookshma: 
uaavinssathighne vibruthe ftha sailai: 
sthoolofthavaa syaath vyavabaarayogya: 

Multiply the diameter with 3927 and divide with 1250, It 
will give the correct circumference. Or multiply diameter with 
22and divide by 7, then the circumference for common purpose 
will be available. 

First of the above answers is an approximate value for I 
3.1416 and the second is the accurate value 3.1428571.... 
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Charles M. Wish of the British East India Company has 
made this comment in the Royal Asiatic Society on some of the 
Ancient Indian achievements. "The approximation to the true 
value of the circumference with given diameters exhibited in these 
three works of Tanthrasangraha, Karanapaddhati and 
Sadratnamala, are so wonderfully correct, that European 
mathematicians who seek for such proportion in the doctrine of 
fluxions or in the more tedious continual bisection of an arc, 
will wonder by what means the Hindu has been able to extend 
the proportion to so great a length®. These comments are on 
the three books written in the first half of this millennia whereas 
Aryabhatta I and BI a Thave written in the middle 
of the first millennia ie 499 AD and 628 AD. These ‘two scholars 
have given accurately the values as 22/7 for arriving at the modern 
mathematical answer for I]. It is sure that scholars like Charles 
M, Wish would have got wonder struk if they had heard about 
these two mathematics/astronomy giants of the world who lived 
in India, 1500 years ago. 

‘Theorems related with diameter and circumference of circles: 

It is well known that the relation among the diameter, 
radius, circumference and areas of circle are as follows. 
Circumference is equal to 3.14... x diameter or 2 x 3.14 x radius. 
Similarly the area of the circle is equal to 3.14.... x radius x radius. 
There are many theorems which give the relations among these 
parameters, which are important in modern mathematics. In 
Tantra sangraham (11) the following method has been given for 
finding out the circumference of the circle of known diameter. 
From this, the accurate value of [] can be derived. 


ore aff fret qed ora arrafied 1 
forritiar den veri ee xea aa aah 1 
Vyaase vaaridhi nibathe roopahathe vyaasa saagaraabhi hathe 
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sthrisaraadvishama sankhya bhakthamrunam svam pruthak 
kramaath kuryaath | 

Multiply diameter with 4 and divide by 1 (first value), 
Again diameter is to be multiplied with 4 and divided separetely 
by odd numbers, 3,5, 7, 9,...« Subtract and add alternatively and 
separately to the first value to get the circumference correctly, 


This theorem can be mathematically presented as follows: 


Circumference = 4D/1-4D/3 + 4D/5-4D/7+...... Where 
Dis the diameter. Hence the value of [] =4(1-1/3+1/5-1/7+.....) 

Earlier than the above author, Madhavacharya in 
Kriyakramakari (circle section 1.40) (1350 AD) has given the 
same theorem and also adds at the end that if the addition and 
subtraction with odd numbers(alternatively) are done as many 
times as possible, more and more accurate value will be obtained 
for the circumference of the circle. (Indirectly, more accurate 
value for II will be obtained). 

Madhavacharya's non-terminating series for representing 
the circumference of a circle in terms of diameter, his invention 
of incommensurability of paridhisankhya has been placed on a 
very respectable position, as this theory is known to 
mathematicians in the name of James Gregory (1630-1675AD), 
who is said to have discovered it three centuries after 
Madhavacharya. A detailed explanation is given by 
Mukhopadhya and Adhikari in the historical development of 
the concept of []: a passage through India since 3000 BC “. This 
has been published in the Indian Science Crusader Journal. Some 
mathematicians have started calling this theorem, now, as 
Madhava Gregory theorem. A modified form of the above 
theorem is given in Karanapaddhati (6.1) by Puthumana 

Somayaji. 
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SROSTSH SET: Tae HesTTEEEMEMAy | 
SR Ta HEE et aig ae EIT Ui: We: 
Vyuasaacchathurghnaath babusa: pruthaksthaath thripancha 

than: 


i 
‘tyase chathurghne kramasasthorunam svam kuryaath thadaa 
‘iaath paridbi susookshma: 


Four times of the diameter is to be divided separately by 
cach of the odd integers 4, 5,7... Every quotient whose order 
iseven, is taken away from one preceding it. The combined result 
of ll such small operations when subtrated from four times the 


diameter, gives the circumference with progressively greater 
accuracy. 


i.e. Circumference = 4D-4D (1/3-1/5)-4D(1/7-1/9).... 
Or T/4= (1-1/3 + 1/5-1/7+. as) 


AA famous ancient anonymous commentary for this theorem 
explains it with example using katapayadi number system, 
Katapayadi numbers are given in parenthesis. This commentary 


appears in Karanapaddhathi published by the University of 
Kerala, 


Say 113 unit lakutam) is the diameter of a circle. Multiply 
it with 4 to get 452 (gramavil) divide by 3 and reduce it from 
gramavil to get 301 (pannagam). Repeat division of 452, by 5 and 
subtract from former to get 391. When repeating with 7 we get 
326, continue with 9,11,13..... finally the answer will be 355 
(sanmali) ie the circle having diameter 113 (lakutam) will have a 
circumfernce 355 (sanmali). Hence the value of I = 3.1415929... 
Modern value is 3.1428571..... 


Another theorem given on this relation, follows a very 
complex mathematical procedure. There may not be anyone to 
put forth their claim in the world of mathematics, as the 
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Saeed 


discoverer of these theorems, except Puthumana Somayeii 
himself, who is the author of Karanapaddhathi, (6.4). 


ailgamy at feqitfitcdtigteticte qm 

a reer fee, wet SE ome fare affirerereM 1 

Vargairyujaam vaa dvigunairnirekair vargeekruthair vari 

sheen vargai: vyaasam cha chadghnam vibhajeth phalam 
svam vyaase thrinighne paridhi sthadaasyaath 

Six times the diameter is divided separetely by the square 
of twice the square of even integers 2,4,6.. minus one, diminished | 
by the squares of even integers themselves. The sum of the 
resulting quotient by thrice the diameter is the circumference, 


This can be mathematically written as follows:Circumference = 
SD+6D(1/2x2%1 7-29) + (1/2419-4%) + [(1/2x621)2-62) 

It is obvious that to derive a formula at such a level of 
sophistication an unparalel capability in mathematics is required, 
Perhaps that may be the reason behind the remark made by 
Charles M. Wish on the authors of the three books including 
Karanapaddhathi (given earlier) 

Another theorem to calculate the circumference from 
diameter is also given in Karanapaddhathi (6.2). There may not 
be any claimant for this theorem also. 


Bares, sigh, yore SererarereTETA: 1 
Prema eT aT: Fah aR: 11 
Vyaasaath vanasangunithaath pruthagaaptam 
thryaadyayngvimoolaghanai: 
thrigunanygaase svamrunam krarmasa: kruthvaapi paridhiraaneyu: 

Multiply the diameter of a circle with 4 and keep it at 
different places and divide each with the odd numbers beginning 
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from 3, 5,7,... as their cubes subtracted by the same value. Repeat 
this and add/subtract alternatively the results to three times the 
diameter of the circle to get the circumference with the highest 
degree of accuracy. This theorem can be mathematically 
represented as follows: 


Circumference = 3D +4D/(3-3)-4D/(5*-5) +4D/77)- 


The anonymous commentary given in the 
Karanapaddhathi, for this theorem gives the worked out example. 
If the diameter is 113, multiplied with 4 gives, 452, cube of 3 
reduced by 3 gives 24 added this to 3 x 113 gives 538., 5 reduced 
from the cube of the 5 gives 120 and when 452 is divided by 120 
and that reduced from 358 gives 354 and repeat with 7,9, et., 
finally reach 355. 


Karanapaddhathi (6.6) gives a rule for finding out the 
circumference or diameter of a circle when one of these 
parameters and both from another reference circle are known. 


Trerenytieteiraqabictiery 1 
PERE SR ora gay feta 
Gunahaarakabhoothaisthairvyaasavrutthairyadoditham 
ishatavrutthaannayeth vyaasam vyasaad vruttham viparyayaath 

‘Take the known measurements of the circumference and 
respective diameter of a circle. From the ratio of circumference 
to diameter the circumference of an unknown circle can be 
determined, when its diameter is known. Similarly from the 
circumference, the diameter can also be deduced. 

This is an indirect method of calculating the value of 
circumference/ diameter ([]). C/D x Di = Ciand D/C x Ci = 
Di where C and D are known parameters of a circle and Ci and 
Di, one of which is known at a time. 

Determination of hypotenuse for a Rt triangle principle 
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wwas used by Aryabhatta for finding out the radius of a shadow 
circle formed by the light on a lamp post on a gnomon. Shadow 
circles formed from the top tip of the gnomon as the centre and 
the radius(from the tip) end touching the end of shadow, 
According to Pythagorus theorem, square root of the sum of 
squares of height of gaomon and length of the shadow gives 
hypotenuse and the same is the radius of shadow circle, | 


(Aryabhateeya 2.14) | 
veal: warrenty oration yt Fea | | 
are aie freed? wager 11 
Sanko: pramaanavargam cchayaavargena samyutham kruthvaa 
yatthasya vargamoolam vishkambhaardham svavrutthasya 

‘Add the square of the height of gnomon to the square of 
its shadow. The square root of that sum is the semi diameter of 
the circle of shadow. (this problem is also given in 

Khandakhadyaka (Liii.10) and in Mahabhaskareeya (I1L.4): 


Porarpiedtrea yeah: | 
fram caqerer ora arifr aefer 
Nrucchaayaakruthiyogasya moolamaahurmaneeshina: 
vishkambhaardham svavrutthasya cchayaa karmani sarvadaa 


The same explanation can be given for this line also. ie 
The sum of squares of the height and the distance of the shadow 
gives the distance from the top tip of the gnomon to last end of 
the shadow. 


Angular dimensions: There are two types of dimensions used 
in measurements. The linear and angular measurements. All the 
common measurements are in the linear dimensions which ranges 
from 0 to infinity measurements related to the circles, spheres, 
etc., have angular measurements ranging from 0 to 360°, Each 
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degree angle in mathematical Sanskrit is called amsa or bhaaga. 
In the angular measurements a circle has 360° measurements. In 
katapayadi number system, a circle had 21600 (360 x 60) kala 
(minutes) mentioned as a na tha pu ram minutes (i.e 21600 
minutes). Each degree is further divided into 60 minutes, called 
kala and each minute(’) into further seconds (”) which is called 
vikala. Further down each vikala subdivided into sixty parts 
known, as thalpara and further down to prathalpara. Thalpara 
and prathalpara are also known as liptam and praliptam, It is 
commonly believed that all these angular values are the 
contributions of modern science, The knowledge on the angular 
dimensions, as itis known now in exactly the same way, is Indian 
contribution. To cite an example, given here is a quotation from 
Vateswara siddhanta II i. 49 (c-d). 50 on the angular values given 
in Bhootha sankya system: 


Angagunavedabuthaasaa: kalikaa vikalaa: samudrajaladbaya: 
sualpajalakhaashtasasi dbruthisasina: kalikaa: saraagnayo vikalaa: 
thrijyaakruthivarashta navathribbuvo visve jinaamsajyaa, 

3437’ 44” is radius and 11818047’ 35” is square of radius 
and 1398’ 13” (both are values in radians) is Rsin of 24°, 

Angular dimensions in minutes and seconds are given in 
the above figurés. These values are arrived at by the method of 
dividing angle of a circle 360° by 2 x 3.14 (because 2[Ir= 360” ie 
¥ = 360°/2 x I], when multiplied with 60 for converting into 
minutes - 3436’ 21” is obtained. The modern answer for radius 
in angular measurements. Vateswara could give the above value 
3437' 44” to a great level of accuracy, about 1300 years ago. 


Later Puthumana Somayaji has also followed the same line. 
157, 
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‘The angular dimension has been given with a greater level of 
accuracy. The value in Karanapaddhathi (6.7) is given iq 
katapayadi system. 


STEARATE RTM: | 
Ter eatnee rnites I 11 
Anoonanooothnaananooonoonnanithyai samaahathaaschakra 
alaavibhakthaa: chandamsuchandraadhamakumbbi paalai 
ruyaasasthadarddbam thribha mourvikasyaath 


‘When the diameter is 10000000000, the circumference is 
31415926536. From the angle in radians can be obtained, 


3437’ 44” 48" 22” is the angular radius of a circle and its 
square is 11818102" 50” 40” 3” 137" aq” ann 


Upto this level no mathematician has attempted to find 
out the value for angular measurements, 


Area of circles: Area of circle is the product of 3.14 and the 
Square of its radius. This has been directly given by Aryabhatta, 
(Aryabhateeya 2.7) 


wrforeeant frecmf era gare 11 
Samaparinaahasyaardham vishkambhaardha 
hathameva vrutthaphalam 

Half of the circumference when multiplied with half of 
the diameter gives the area of the circle (i.e Half of the 
circumference is 2 x 3.14 x d/2, this when multiplied with r, the 
area is obtained 3.14 x r x r ie flr?) 


According to Brahmagupta the area of the circle (Ganskrit 
lines quoted in Lilavati along with the area of sphere are given 
elsewhere) is "The product of circumference and one fourth of 
the diameter gives the area of a circle. Four times of this area 
gives the area of sphere (having the radius of the circle)", 
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This can be mathematically represented as: 2x 3.14 x rx 
1/4x diameter. This is the area of circle. Le 3.14 x 1.x r. When 


this is further multiplied with 4, it becomes: 4.x 3.14x rx, 
which is the area of the sphere, 


The same formula is said to be given in Tatwarthadigama 
sutra bhashya (1.11) of Umavati, a manuscript belonging to the 
firs century AD and also in Bruhatkshetra samasa (1.7) of 
Jinabhadragani (609 AD), It shows that from the very early days 
determining the area ofa circle to a very high level of accuracy 
was known. Bhaskaracharya I, in his commentary has given this 
problem for determining the area ofa circle (75.1) 


Tear erat afr aamfornt 1 
qe ae feo afreargartor 11 
Dvichathu saptaashtaanaam vyuasaanaam yaani-vrutthaganithaani 
sookshmaasannani sakbe viganaya ganithaanusaarena 

O! friend calculate according to the ganita of Bhatta 
(Aryabhateeya) the nearest approximate of the areas of the circles 
whose diameters are 2, 4,7, and 8 units 3 


In this problem from the given radius, the area of a circle 
can be determined. Bhaskaracharya TI, in Lilavati, has given 
another method for determination of area, approximately and 
also accurately, of a circle form its diameter (page 254 rule 42) 

are ah smafaet ysi we wormed 1 
Bret wpete er wet wet TSE 1 
Vyaasasya varga bhanavaagninighne sookshmam phalam 
Panchasahasra bhakthe rudvaahathe sakrabatheathavaa 
syaath sthoolam phalam thadvyavaharayogyam 


When the square of the diameter multiplied with 3927 and 
divided by 5000 the accurate area of circle will be obtained. But 
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when the square of diameter multiplied with 11 and divided by | 
14, approximate value will be obtaintained. 


However, the correct answer happened to be given in | 
reverse, By following the former method approximate area of 2 
circle, which is equal to .7854 x d x d, will be obtained. By the 
second method accurate value of the area of a circle equal to 
(7857142 x d x d will be obtained. 


Polygonal approximation : A complicated mathematical 
procedure reported recently, after detailed study and 
investigation, is one the polygonal approximation to circles given 
by Madhavacharya, six centuries ago. This appears to be a 
remarkable contribution of the great Indian mathematician. This 
has been derived carefully by Mukhopadhyaya and Adhikari, # 


taffeta orenfet ea: wet ETL 
‘aera <ferat weet eq Preerecinae 
sprfias et a wt rear afer cree 
arate: orecitly seat forat ents wes, 
arr ant waar cae! qemaa Te, 
Chathurbbuje do: kruthinaaga bhaagamoole 
haro haara bhujaamgbri bhedaath 
bhujaabathaadvaarabrutham thu konaanneethvaa 
vilikhyaashtabbugaa: prasaadhyaa: 
ashtaasradorardhakruthirnidheyaa 
vyaasaardha varge padamathra karne 
thenaaahared dordala vargaheenam 
‘vyaasaaardhavargam yadatha: phalam syaath 
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thadoona karo dalitho haraakbyo 
gunasthu visbkambadalona karna: 
Dhujaardhamethena hatha gunena 
harena bhangthva yadibaapi labdham 
thathkonatha: paarsva yugeshu neethuaa 
cchineea fathare syaadiba shodasaasram 
anena maargena bhavedathascha 
radaasvarka bruthsamathascha saadhyam 


The square root of one eighth part of the square side of 
quadrilateral is hara. Haraka less 1/4 of the side is multiplied by 
the side and (the product) divided by hara. Taking segments equal 
to the result thus obtained along a side from its corners (ve taking 
segments equal in length to this result on every side from this 
corners on it) the octagon is formed. 


Adding the square of half of a side of the octagon to the 
square of radius, the square root of the sum obtained is (called) 
the diagonal. By that diagonal is divided the square of the radius 
less half the square of aside ( of octogon). The result is subtracted 
from the diagonal and (the difference) is halved to get what is 
called hara. The diagonal less held the diameter is multiplied by 
half ofa side (of the octagon), the product (on being) divided by 
hara gives, which is taken (for length of segment) along sides 
(measured) from corners (i on every side from either of it) and 
outof toget a (regular) polygon of 16 sides. In this way of cutting 
portions of each side (in between the corners on it) ultimately a 
circle can be obtained. 

This is a method to derive a circular figure from polygons 
having many sides. It took the modern science many years to 
understand Madhavacharya's above noted procedure. 

Sankara has given an explanation for the above procedure. 
First, start square of 1/8 in part of square of a side = x:/8 as 
hara. Haraka less 1/4 th of aside (¥°/x/8)-x/4as koti karananatra, 
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This multiplied by a side and (the product) divided by hara or 
haraka get circumference when x is the diameter as 
circumference = x{(Vx'/8)-x/4)/Vx*/8 

Polygonal approximation to circles involves construction 

of regular polygons of sides n(n>4) either circumscribing a circle 
or inscribing it, The explanation given here is the reproduced 
version from the Journal, to show that this level of complexity 
on the mathematical derivation could be achived by the ancient 
Indians. 
Area of Spheres : Spherical body is an extension of circles. Circle 
and spheres are related in different ways. From the area of the 
circles, the surface area of the sphere can be calculated. Indian 
mathematicians have calculated area of planet earth, using the 
formula for calculating the area of sphere, obtained from the 
diameter of earth (1050 yojanas). Brahmagupta's quotation for 
determining the area of sphere is given. It has been mentioned 
that the product of 1/4 of the diameter and circumference will 
give the area of a circle. This when multiplied with 4 gives the 
area of sphere, 

Aryabhatta IT in Mahasiddanta (XVI) has also shown 
circumference of a sphere, when multiplied with its diameter 
gives the area of the sphere. 2f[r x 2r = 4MIr. In Lilavati 
(P 281 - 41) the following stanza occurs, 


aera witty: wre aq 
qt atufaia: agree oe | 
Tioett at a wei yest orate 
sefiniem, waft faq cient are 1 
Vrutthakshethre paridhigunitha vyaasapaada: ‘phalam thath 
kshunnam vedairupari paritha:kandukasyeva jaalam 
golasyaivam thadapi cha phalam prushtajam vyaasanighnam 
shadbbirbhaktham bhavathi niyatham golagarbbe ghanaakhyam 
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When circumference is multiplied with diameter and that 
result divided by 4, that will give the area of a circle. This when 
multiplied with 4 gives the surface area of the globe which is like 
surface ofa ball. This when multiplied with diameter and divided 
by 6 gives the volume of the sphere of globe. 


Mathematically it can be written as 2[Ir x 2r/4 =I? 


‘This is for the area of the circle. This when multiplied with 
4the area of the sphere will be obtained. The next part of the 
above stanza deals with the volume of the sphere. 


Inall the above equations, the area of a circle and that of a 

globe have been given correctly. Hence, it can be proved that, 
the Sanskrit literature in mathematics carried equations for the 
area of circles, spheres, and related structures. Their contributions 
exactly conform to modern mathematical knowledge. 
Arcs and chords of circles: It is interesting to note that the arcs, 
part of the circumference and chords, the line joining the two 
ends of thearcs, were very well known to Indian mathematicians. 
Aryabhatta I gives the rule which is an important common 
geometrical theorem, on the relation between the chord and the 
radius of a circle. (Aryabhateeya 2.9) 


we: weer freer a qed | 
Paridbe: shadbbaagajyaa vishhambbaardhena saa thulyaa 
The chord of one sixth of circumference is equal to the 
radius of that circle. This theorem appears to have been known 
still earlier, since it is given in one of the Siddhantas included in 
Panchasiddhantika of Varahamihira (IV.2 a,b). The relation 
between chord and radius of circle is also given by Puthumana 
Somayaji in Karanapaddhathi (6-19) 
Serres free pfrtecatiioy | 
freantteiist wad tafe pifapey: 11 
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= 


Sualpachaspeaccheghanashashta bhaagatho vistaraardhakruthir 
"phathe arjitham sishtachaapamibasinjanee bhaveth 
thadyutho falpakaguno fasakruthdbanu: 


The chord of an are of a circle is obtained from the resul 
of the cube of the length of the arc divided by six times the cube 
of radius and subtracted from the arc. This can be mathematically 
presented as follows: 

Chord (R Sine 0) = s- (2/ 6r). Here length of the are sis 
in angular dimensions, ris the radius and 0 is the angle ofthe are. 

Another relation between circumference and the arcs given 
by Bhaskaracharya If in Lilavati (p. 300. rule 49) 

Srfrangrifca teed steerer: wer | 
‘wefan vittet agtarrent Gt Berceng, wey: eA 11 
Vyaasaabdhighaathayuthamourvikayaa vibhaktho 
Jeevangghri panchagunitha: paridbesthuvarga: 
labdhonithaath paridhivarga chathurtha 
Pbaagaadaapte pade vruthidalaath pathithedhanu: syaath, 

One fourth of five times the chord multiplied with square 
of circumference divided by four times the diameter added with 


of circumference. Square root ofthis is taken and subtracted rom, 
half of the circumference to get the arc. 
Le Arc = ¥ circumference- V(1/4 circumference’) - (1/4 


(chord x 5x circumference) +4 x (diameter + chord). 


1n Lilavati (rule 48 page 298), the following relation of the 
diameter andthe circumference with the chord is also given by 
Bhaskaracharya I. 


Taner ofr: SAIS: AR WaTeT: vffieriagehar: | 
ore Fer ay eae maa eG wT EA I 
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Chaaponanighna paridhi: prathamaahvaya: 
syaath panchaahatha: paridhi varga chathurtha bhaaga: 
aadhyo nithena khalu thena bhejacchathurghna 
vyaasaahatham prathamamaapthamiha jyakaa syath 

Arc multiplied with the circumference minus arc is termed 
as first result. The first result is subtrated from one fourth of five 
times the square of circumference give the second result. The 
first result multiplied with 4 times the diameter and divided by 
the second result, gives the chord. 


Le. Chord = 4x diameter (Circumference - arc) arc + 5/4 
x Circumference*- (circumference - arc) arc. 


Lilavati 43b and 44b gives another interesting equation: 


Jyaavyaasayogaanthara ghaathamoolam vyaasasthadoono dalitha: 
sara: syaath vyaasaaccharonaacchara sangunaa cha moolam 
dvinighnam bhavatheeba geevaa yeevaardhavarge sarabbaktha 
‘yukthe vyaasapramaanam pravadanthi vrutthe 


‘When the sum and differences of diameter and the chord 
are multiplied, and their square root is taken and if half of that 
is subtracted from the diameter, the arrow is obtained. The 
difference of diameter and the arrow multiplied with the arrow, 
twice the square root of that value gives the chord. The square of 
half the chord divided by arrow and added with arrow gives the 
diameter of the circle. 


This rule is found to be correct and gives an example of the 
inner vision of the ancient mathematicians to look into various 
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aspects of the inscribed geometrical figures. Aryabhatta in 
Aryabhateeya (2-17) had also given, yet another relation between, 
the diameter and the chord. 
arta yprrt ateriea soft: a: 
qareatafarrt: a aq wat: 1 
Yaschaiva bbujaavarga kotivargascha karnavarga: sa: 
vruthho sara samvargo fardhajyaavarga: ya khalu dhanusho: 
Ina Rt. (one angle 90°) triangle, square of the base plus 
square of the upright is the square of hypotenuse. In a circle 
(when chord divides it into two arcs) the product of the arrows 
of two arcs is certainly equal to the square of half the chord, 
‘The second part of the theorem states that, in a circle if a 
chord CD and diameter AB intersect each other at right angles 
at E then: AE x EB = CE?. The first part of the theorem (similar 
to Pythagorus theorem) when applied for a right angled traingle 
inscribed in a circle is known as Hankel's theorem also known 
as the theorem of hypotenuse. This theorem has been in 
Aryabhateeya, centuries before Hankel. Hence Hankel's theorem 
rightly belongs to Aryabhatta I. 
Angular relation with arcs & chords in circles : It is obvious 
that the relation of an arc with the circumference or diameter 
can only be through the angular measurements of arc. Higher 
the values of angles the longer will be the arc and also the chord, 
in acircle, upto a limit. Similarly, for the same angle, the higher 
the diameter the higher will be the length of the arc. In fact dozens 
of equations and theorems, known by the names of European 
mathematicians have been put forth and applied in modern 
mathematics. Many of these theorems belong to Indians. A few 
among these theorems are quoted here. 
Sine, Cosine and Tangent of angles: In modern mathematics 
the use of sine, cosine and tangent of angles are very common. In 
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a right angled triangle if @ is considered one of the angles, the 
sin 0 of that angle is equal to the ratio of length of the opposite 
side and hypotenuse. Cos 0 is the ratio of adjacent side and 
hypotenuse. Tan @ is the ratio of the opposite side and adjacent 
side, It is believed that these three are the contributions of the 
‘Western or European mathematicians. In ancient India these were 
well known even during the period of Aryabhatta. R sine 0 is 
commonly referred as a Bhuja or Bhujajya or Jya. R cos 6 is 
referred as the Kotijya or Kojya or koti. Even though tan of the 
angles was used in the theorem, there is no proof on the use of 
the specific term for tan @. In the applied mathematics sin @/ 
cos 0 was used in India from very olden days. Knowledge of the 
most complicated branch of mathematics i.e sine, cosine and 
tangent undoubtedly had their origin in India. One of the 
achivements of ancient Indians is the R sine @ values given by 
Aryabhatta Tin Aryabhateeya (1-12) in 499 AD. It is given in the 
Aryabhateeya number system. Values for the Rsines of angles at 
interval of 225’ of the angular values are given. Ie Rsin 225’, 
450’, 675"... etc., It is presented as such and the corresponding 
modern values are also given. This is similar to the modern 
Clarke's table. Aryabhatta's table for R sin @ and R sine difference 
are given for 0° to 90° angular values at intervals 3° 45’. Many 
mathematicians have made use of this table for calculating R sine 
values, 


“fa uf wie ufa ufe safe sfe war 
wae fe wefe far 1 
safe feu cea afte fret ot wa <a 
Faw eo Hee 
‘Makbi bhakbi phakhi ghakbi nakbi njakbi ngakbi hashja skaki 
‘ishga sdhaki kidhua dhlaki kigra hakya dhaki kichya sga 
+ ha ngva kla ptba pha ccha kalaardbajyaa 
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205 (224°.856), 224 (223'.893) 222 (221'.971), 219 (219.100), 
215 (215/289), 210 (210'.557) 205 (204.923), 199 (198".411), 
191 (191’.050), 183 (182.872), 174 (173.909), 164 (164.033), 
154 (153.792), 143(142/.724), 131 (131.043), 119 (118’.803), 
106 (106.053), 93 (92'.850), 79° (79.248), 65 (65'.307), 
51 (51’.087), 37 (36'.648), 22 (22.051), 7 (7.361) 
These are R sine differences (at the intervals of 225 minutes 
of the angle of an arc). In the parenthesis are given the modern 
values based on Clarke's table. The R sin for 3600’ (2978’) was 
modified by Aryabhatta II and corrected as 2977’ instead of 2978, 
the value is wonderfully very near to modern value of 297.395, 
‘The tables given in Suryasiddhanta and others like Bhaskara II 
and Aryabhatta Il, in their respective books are the same. 
Using the above table other mathematicians have described 
the method for the determination of length of arcs and also the 
method for finding out the Rsin values of the angles falling in 


between 225’ angles. Bhaskaracharya lin Mahabhaskareeya (IV - 
3-4 (1) gives this explanation: 


enfteretfeten aed aaert wer 1 
Lipteekruthya harenamakhyaa jeevaa labdbasthatha: puna: 
varthamaanahatham sesham makbyaachaiva vibhaajayeth 

poorva sankalitheyukthe jyaathkramenothkramena vaa 
suaparidhyaahatheaseethyaa labdham kshayadbanam phalam. 
Reduce the arc (from the degree angular values) to minutes 
and then divide by 225, the quotient denotes the number of R 
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sin differences to be taken 
0-90°). Then multiply th 
and divide by 225. Add 
difference obtained befo: 
of the arc, 


completely (taking the Rsine 225’ from 
i remainder by the next Rsine difference 
the quotient to the sum of the R sine 
re. The sum thus obtained is the R sine 


___This procedure is exactly the same as that we follow in 
using Clarke's table, 


In the above rule mentioned by 
Bhaskaracharya I, Aryabhatta’ 


c reliability for 


is given here as an example 
(Mahabhaskareeya), 

Reduce 32° into minutes which is equal to 19207, divided 
by 225 to get 8 as quotient and the remainder is 120’. The sum of 


8 Rsines from the Aryabhatta's table is equal to 1719’, Multiply 


the remainder 120 with 9th Rsine (as given in Aryabhatta's table 
ite 191’ and dividing the product by 225 we get 101 52”. Adding 
this to the previous sum (1719), we get 18207 52”. According to 
Bhaskara's method R sin of 1920 is 1820’ 52” whereas the modern 
value for R sin 32” is 1821’ 43”. Remarkably nearer! 


Brahmagupta has arrived at this equation for finding out 
the value for any angle @ less than 225 for 't' times of 225', where 
‘t' be an integral number. Then 225' t + 6! = Sum of 't’ R sine 
difference + 0'/225 (¢ th Rsine difference + (t+1) the Rsine 


difference) x % - 6'/225 (¢ th R sine difference - (¢+ 1)th Rsine 
difference) x 4, 


This formulas also given in Khanda khadyaka (9.8) and in 
Siddhanta siromany of Bhaskaracharya II (Ljii.16), In 
Parameswara's commentary for Laughubhaskareeya (IL.2 (i 

asimilar explanation is given. Another method for determining 
the Rsine is given by Nilakanta in Tantra sangraha (II 10-13), 
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which can be mathematically presented as follows. 

R sin (225't + @) = (Gum of t Rsine differences +0x(R | 
cos (225'(t+1)) + T cos (225 1)/2R. | 
Khandakahadhyaka (I X - 14) gives a rule for finding out 
the are of an angle, when its sine value is known, by usingthe | 
method interaction. The basic text from which the method was | 
derived is given here. Itappears from the Sanskrit pandit'sopinion | 
that the translation of the Khanda khadhyaka text was toughto | 

a mathematician. However the standard translation by Prof. P.C. 
Sengupta’’is given here. 
This translation has wide acceptability and true to its | 
content. 
UT Faerafrecrreng siacreaferenth: 

Se Wem, TecerHen frncrayy |! 
Chapaanyane navasathavikalavadbaad bhogyalabdhalipthaabbi: 
krutvaa ghandakrama sakruth thallabdha kala vikalachaapam 

In finding the arc corresponding to a given sine, find the 
residue left after subtracting as many as possible of the tabular 
differences of sines, multiply it by 900 and divide by the tabular 
difference to be passed over; by means of the minutes of arc 
obtained, Find the true tabular difference by repeating the process 
and thus finding the minutes of arc corresponding to the required, 
‘to reduce the sine. 


Devacharya, in Karanaratna ([.23) has given the R sin @ for 
the angles 0 at intervals of 10° for the value of R (300’) 

Ty wre FI et a fre Ga AT: | 
aninfies va watfter sfaararaeed: waa: 11 
Ramonu rathnaddya nrumaanya lubdhako 
naagagra nisthaara khagaagra maadburaa 
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gnaanaangemithyathra nava prakeerthithaa 

(I R,- the angular radius- is 300’) 52, 102, 150, 193, 230, 
260, 282, 292 and 300 are the Rsine values at intervals of 10°. To 
obtain the R sine of the arc, divide it into smaller arcs of 600’ 
each and add the Rsine difference corresponding to them. This 
shows that similar tables to that of Aryabhatta I have been 
prepared by Indian mathematicians for the sine values of angles. 

Thus it can conclusively be said that the systematic method 
of discovering and applying the sine value is the contribution of 
Aryabhatta I in 499 AD. Even though Aryabhatta himself has 
not given the method followed, Bhaskara I gives it in detail. 
However Aryabhatta gives the explanation in short form 
(Aryabhateeya 2-11) 


wai form fysreaqisredt | 
errr q freremi ater 1 
Samavruttha pardhi paadam chhindyaath thribbujaa 
cbhathurbbujaachhaiva 
samachaapajyaardhani thu vishkambhaardhe yadeshtaani 

Divide a quadrant of the circumference of a circle into as 
many parts as desired. Then from the Rt triangles and 
quadrilaterals one can find as many Rsines of equal arcs as one 
likes for any given radius. 


Accordingly the values Aryabhatta derived is given here as 
exapmles. 


Rsin 30° = R/2 = 1719 

Rsin 60° = ¥3/2R = 2978 

Rsin 15° = 4V(R sin 30°} + (R verse 303? = 890° 

Rsin 75° = VR?- (Rsin 15°) = 3321 

Rsin 45° = R/V2. = 2431 
m1 
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Given above are the exact values according to modern 
mathematics. This was based on the value of R in radians (jn 
minutes) as 3438’. 


Bhaskara in Mahabhaskareeya (VII, 17-19) has given the 


method for determining the Rsine of acute angles (angles which 
are less than 90°) 


Makbyaadirabitham karma vakshyathe thathsamaasatha: 
chakraardbamsaka samoohadvisodbyaa ye bhujaamsakaa: 
thaccheshagunithaa dvishtaa: sodbyaa: khaabbresukhabdbitha: 
chathurthaamsena seshasya drishtamanthyaphalam hatha 
bhaabukotyo: phalam kruthsnam kramolkerama gunasya va 
labbyathe chandratheeksbnaamsvosthaaraanaam vaapi thathvatha: 


Subtract degrees of Bhuja (or Koti) from the degrees of 
half of a circle (180°). Then multiply the remainder by the degrees 
of Bhuja (or koti) and put down the result at two places. At one 
place subtract result from 40500. By one fourth of the remainder 
(obtained), divide the result at the other place as multiplied by 
the antyaphala. Thus obtained is the bhahu phala (or Kotijya) 
for the Sun, moon, stars or planets. 


This theorem was given for astronomical calculations and 
can be suitably adopted for mathematical calculations too: 


Rssin @ = 40 (1800 - 6) R/(40500 - 6 (180 - 6) 


This theory has been proved by Prof. K. S. Sukla”!, and 
detailed discussion is given in the book published by the 
Department of Mathematics and Astronomy, Lucknow 
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University. On the above equation Sulla states that "the Indian 
mathematicians were aware by latest 9th century AD that an 
infinite convergent series has a finite sum as given above”. 


Values of Rsine @ given by ancient Mathematicians: Many 
mathematicians have given Rsin 0 values for different angles and 
also methods for getting these values, In Karanapaddhathi (6-8), 
Putumana Somayaji gives the following values in relation with 
the rasies (signs) in zodiac, thus: 

Franfrratiea favarenitia: vey | 
waeefahen meme a 1 
Thrifyaardhamekaraasijyaa thrijyaavargaardbatha: padam 
bhavedadhyardha raasijyaa thaabhyamanyagunaan nayeth 

‘When half of the trijya (radius) is taken, itis the chord of 
the arc of 30° (Rsin 30°). The square root of half of the square of 
trijya is the chord of 1 rasi (.e. R sin 45°). From these two the 
chord of other angles can be calculated (one rasi = 30): 

ie. Radius = Trijya = 3438 R sin 30° = 3438/2 = 1719 

Rsin 45° = V(3438)"/2 = 3438/ V2 = 2431" 

Prof. T. A. Sarawathy has derived this equation from 
Bhaskaracharya IL 

Rsin 18° = V5R?-R/4 R sin 36° = VSR?- V5 RY/8 

Lallacharya, a renowned astronomer of ancient India, has 
given the following values in Sishyadhi vruddhi Tantra. (28,9). 
ssnuue vasvanalaabdhivanhaya: imaam thribhagyaamatha 

chakralipthikaa.... jinaamsa nagagogunendavo.. 
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Itis said that 3438 is Rsine (Jya) of an arc of 90°, thisis also 
radius of circle (in radians) where circumference is 360° or 
21600’... and R sine of an arc of 24° is 1397’, 


Relations among R sin 0, R cos @ and R tan @: The arc and its 
radius, angle, etc and the sine and cosine are given by 
mathematicians and astronomers. Quoted here is that explained 
by Neelakanta Somayaji in his Aryabhateeya bhashya (1. 48-50) 

Teer gfreniacratt americas | 
Sree Ta Terr sees we TY Ferd 
Tt Heat: wee gam at: Safe et arf a 

wm wie to 


‘The chord of the elemental arc in the form of a hypotenuse 

is needed throughout. ‘The radius is the argument in the same 
way. The cosine and the sine at the mid point of the elemental 

arc are the two fruits. The two processes are the sine and cosine 
differences. These two rules of three should be applied arc to. * 
arc. 


Karanapaddhathi (8-8) also gives an important relation 
between Rsin @ and Rcos 8. 


smimaieerintin wriftastan erat: 1 
amteririt " 
Anyonya kotihathayorabbimatha gunayosthrijeejavayaa hathayo: 
yogaviyogow syaathaamabbimathagunachaapa yogavivaragunow 
The sum of the products of Sin A and Cos B and when 
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angles are exchanged, Sin B and Cos A, gives the Sin of the sum 
ofthe angles. Similarly the difference of the above gives the value 
of the sin of angular difference. Le 

Sin (A+B) = Sin'A Cos B+Cos A Sin B And 

Sin (AB) = Sin A Cos B-Cos A Sin B. 

Formulation of this equation needs great mathematical 
talent to calculate the sine, cosine and the complex rules related 
with their addition and multiplications. Earlier to Puthumana 
Somayaji, Sangamagrama Madhavacharya has also given this 
equation in Yuktibhasha, Madhava's explanation has the same 
meaning, given in different wordings. In Varahamihira's 
Panchasiddhantika (4, V. 19), another set of complex relations 
among the sine and cosine angles are given which can be 
mathematically summarised as : 

QR sin 6)? = R/2 (R-R cos 26). 

R? Sin*@*+R’cos*@? = R? 

Itis important to note that Varahamihira's period is nearly 
one and half a millennia ago. In Vateswara siddhanta (11.57) the 
followiong equations are given, in 904 AD. 

prpptren reef wet Prvday aa: 
@ieyanitenre feearepienar: 11 
Kramaguna kruthirvibbakthaa svolkrama mourvyaa 
phalam thribhajyonam vaaanya: kotibbujaamsai 
sthribbaad viheenaadgunovaanya: 

The square of the Rsine of bhuja or koti divided by its 
own R versed sine and the result diminished by Radius gives the 
other (R sine or Rcos). Rsine of 3 sign (90°) minus the degree of 
koti or bhuja is also the other. 


‘These equations can be mathematically presented as follows: 


175 


Scanned with CamScanner 


Rcos@ = (R sin 6)/R verseO-R 
Rsin@ = (R cos 9)*/ R verse (90-0)-R 

Rsin@ = Rsin (90-koti) or R sin (90°-(90°8)) 

Rcos@ = R sin (90° - bhuja) or R sin (90° - 6 (R is radius 
and 0 is angle) 


Vateswara siddhanta 1Li.56 (page 116) also gives the 
following relations of the radius, sind and cos® 


baaboagrajyaa (thri) mourvyorvivara yuthi hathermoolamaabu | 
sthayoruaa tyasthajyaa-vyasthajeoaa virabitha nibather 


This can be mathematically represented as follows: 

(Kotijya) R cos @ = VR*- (Rsin 6) 

(Bhujaya) R sin @ = YR?-(R cos 0)? 

Rcos@= VR (R-R sin) (R + Rsin8) 

Rsin@ = V(R-R cos @ (R + Ros 6) 

Lallacharya in Sishyaddhi vruddhi Tantra (3-3) has given 
another rule for sine and cosine equations. | 
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eine dare asi af are 
Dorjyacvarga vivanitha thri bhavanajyaa wargamoolam bhaveth 
otyfyaa bhuja bhaaga varjitha navathyamsotthajeevaathavaa 
spashta sva svagunaabathe khabrasubhirdo: kotigeevebruthe 
squuathaam do: phalakoti samjnakaphale thaablyaarn sruthim saadbayeth 
Square root of the difference of squares of R sine 90° and R 
sine ofan arc, isRcosineofarc OR  Rsine of thedifference 
of 90° and the are is R cosine of arc. 
In Karanapaddhathi (6-10) an equation relating R sin @, 
R cos @ and arrow is given. 


earprscrirenitrergein: wee: | 
Sarria eratereieh reat frqetteersat 


Yadveshta chaapagunatha ccharavargayoga 

moolaardhamishtadhanurardhaguna: pradishta: 

aanaam nijathriguna vargaviseshamoolam 

kotisthadoona sahithow thrigunow svabhaanow 

Square root, of the square of a chord (R sin 6) diminished 
from squares of radius gives the koti (R cos 6). This subtracted 
from radius gives the (small) arrow of arc. This added to radius is 
big arrow of the arc. 


In Karanapaddhathi another relation is given (6-11) 


aescreatrernhrat career aif 1 
avis at} vferravrcarmiat: stequt waat 11 
Yadveshtakotyaahathavistha raardhenonaanvithow 
cyaasadalasya vargow ardheekruthow thow padithaa 
‘vabheeshtachaapaardhado: kotigunow bhavethaam 

The R cos @ when multiplied with radius and diminished 
the result, from the square of the radius, Square root of half of 
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this will give the R sin 0/2 (instead diminishing) if added, the | 
result to the square of radius and followed the procedure then 
koti will be the result i.e R cos 8. Mathematically it is written as; 

V4 (RR? cos 0) = R sin 0/2 similarly 

V4 (R2+R? cos 0) = R cos 0/2 

‘The theorem given by Puthumana Somayaji on the arc, 
chord and sin and cos angles (Karanapaddhathi 6-12, 13a) is of 
great significance. 


Mea Tera Hea aeeaTeTTaaTe aH tHheaf 
wenkt gn weraiferaregne a frererata, 
frreriefitesta wedet yoreteqet sar 1 
Chaapaaccha thatthath phalathoapi thadvath 
chaapaahathaadvyaadi hathathri mourvyaa labdbaani yugmaani 
phalaanyadhodhaschaapaadayugmaani cha vistharaardbath 


The arc is multiplied by itself (for a definite number of 
times) and the product is multiplied once again by the same arc. 
The result is divided by the product obtained by multiplying 2, 
Sprain etc.., (upto the same definite number) with the radius 


together from the arc. Similarly the corresponding values for 
the odd column together subtracted from the radius. The results 
are the bhujajya (R sine 6) and kotijya (R 8) respectively. 
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This equation can be summarised as follows after carrying 
out the procedure directed in the theorem. 

An-S*xS/ (2x3xx....(a+1)) x14: (S=arc)=Se*/(n41)lr* 
The results obtained are bifurcated as odd numbers and even 
numbers. Odd number results are labelled as A1, A3, A5.un 
And even number A2, A4, A6.... 


When n is substituted by the respective odd or even 
numbers the following separate schedule will be obtained for 
odd series and even series. 


(A1-A3), (AS-A7), (A9-A11), 
(A2-A4), (A6-A8), (A10-A12),......«. From the above, 
Bhujajyaor R sin@ = S-(A2-A4) - (A6-A8)-(A10-A12), 
Kotijya or R cos@ = R - (A1-A3) - (A5-A7) -(A9-A11), 
From these equations the modern forms can be obtained 
by substituting value of § = R8 for small values of S and as follows: 

Sin © = 6 -@°/3! + 6°/5!- 07/7! +..... and 

Cos 0 = 0 - 67/2! + 61/4! - 0°/6! +... 

Where 31 is (pronounced as factorial 3) 1x 2x 3 and same 
for others too. In the above, Sn is the arc, 0 is the angle and R is 
the radius. 

In Karanapaddhathi an interesting example is given with 
the help of an ancient commentary: 

Multiply 5400’, (angle of 3 rasi - 90° given in minutes) with 
itself and divide by twice the radius (in minutes) 3438”. The result 
is 42419’-0". This is odd value (in minutes, seconds and one 
tenth of the seconds). 

Multiply the above result with 5400’ and divide by thrice 
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the radius. The value available is 2220’ 39” 40°”. (this is for even 
value) 

‘This value is multiplied with 5400 and divided by thrice 
the radius, Corresponding odd value obtained is 872’ 3” 5°”. 


‘When the procedure is repeated, the next even value 
obtained will be 273° 57” 47””. 


‘And the next odd value obtained will be 71’ 43” 24””, 


The next even value will be 165” 41’”, the next odd values 
3 9" 37", Next even value is 0’ 33” 6”, and odd value o 5” 
12”, Next even value is 0’ 00” 44” and last odd value is 0’ 0” 6”” 


By arranging the values according to the directions given 
in the theorem, sine and cosine value will be obtained. Alll the 
angles given above are mentioned in katapayadi number system 
and in the above explanations only their equivalents are given. 
‘The series was developed from the preliminary theorem put forth 
by Madhavacharya (1400 AD) on the sine, series. This theorem 
in modern mathematics was rediscovered by James Gregory 
(1638-1675 AD). The mathematicians recognised the original 
contributions of Madhavacharya and hence this series is now 
renamed as Madhava-Gregory series. What is followed in the 
above series by Puthumana Somayaji is another novel series 
discovered by him. Somayaji was also anterior to James Gregory. 
Henace this "Gregory series” is really "Puthumana Somayaji 
Series". However the father of sine, cosine series of equations 
and theorems is Madhavacharya. 


Tangent of angles: Sin @ divided by Cos © gives the Tangent 8, 
Ie is based on the sides of a Rt angled triangle. These parameters 
are widely used in modern mathematics for calculating slopes. 
Slope of any structure is directly related to its tangent. Available 
literaure does not give any details on ancient Indian contribution 
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on this geometrical parameter of tan 0. Hence presentation of 
this data calls special significance because, it is the revealation of 
a new topic on which Indians had made their original 
conttibutions. The theorem given in Karanapaddhathi (6-18) is 
of significance in this context. 


‘kruthoaakotigunasya thathrathu phaleshvekathri panchaadibbir 
bhaktbesvojayuthai sthyajech samayuthim jeevaadhanu: sishyathe 
Jya ofan arc to be multipliéd by radius and divided by koti 
(R cos 8). This is the first term (of the series), The value of the 
first term when multiplied by the square of Jya (R sin @) and 
divided by square of the koti gives the second term. This process 
is repeated. The successive terms are divided by the odd integers 
1,3,5, ..Now, when the consecutive terms in the series starting 
from the first term are alternatively subtracted and added gives 
the circumference of the arc. 


This theorem can be summarised in mathematical terms as: 
First term = RxRsin@/Reps6 = Rtand 
Second term = RxRsin@Rcos@x (R sin 6)*/ (R cos 6)? 

= Rtan@x (tan 6)? = R (tan 6) 

The third term will be obtained by multiplying the second 
result with the second part of the second equation, and it will be 
equal to R (tan 8)* and so on for further results. Alternatively 
adding and subtracting, after dividing with 3, 5, following 
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equation will be obtained. When $ = R@ or @ = S/Rie. 
© = tan 0 - 1/3 (tan 6+1/5 (tan O)* ..... This formulg 
holds good when the angle is equal to or greater than 45. Where 
S is the arc and 8 the angle and R, the radius of the arc. This | 
theorem even though discovered by Puthumana Somayaji in 1438 
AD is at present known as De Moire's (1667 AD) theorem, 
S = r (rsin @/r-cos 6) -1/3 (¢ sin @/r cos ©) 1/5 + (rsin@'/ 
cos 6%)....) When r sin 6/r cos @ is taken it is tan 0. 
Sankara Varman” gave another theorem which is 
mathematically written as below: 


area: 
aR sarge: 1 
Vyaaaghnearkapade krutheagni bhirethaanithe chatha 
chaikaikadyayujaabrutheshu paridherbhedo yugonaikyayo: 
evam chaathra paraardha vishthruthimahaa 
vrutthasya naahoksharai: syaad bhadraambudhi siddbaj 
anmaganitha sraddhasma ja bhoopagee: 
This can be mathematically represented as 
TT = 6 tam (1/V3)=6 (1/V3-(1/V3)/3-+ (1/3)9/5ecce (tam “tis 
tan inverse) This is also known as Gregories series, after the 
name of the ‘discoverer’ Gregory (1670 AD). But Sankaravarman 
discovered this theorem in 1535 AD. Sankaravarman also gave 
an extension to this equation as mathematical presentation is as 
given in the reference. 


Th=V12/1- V12/(3x3) + V12/(32x5) - V12/(3°x7) +V12/(34%9) 
Volume of geometrical figures: The volume of any geometrical 
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figureis the content of material presentin that structure. Amount 
of water contained in vessel when itis filled, isthe inner volume 
of the vessel. Similarly for a cube, globe, pyramid, cone, etc, and 
all type of structures volume can be determined. Archimedes 
found out the volume by dipping the material in a bigger vessel 
containing water upto the brim. The quantity of water 
overflowed is the volume of the structure. Volume is calculated 
using mathematical equation if it has a uniform shape, A cube, a 
cone, sphere, hemisphere etc. are uniform structures. The volume 
ofthese, can be calculated directly. In ancient India the procedures 
adopted for calculating the volume of some structures were 
accurate. Whenever, the level of accuracy was not attained, the 
next generations of mathematicians have tried to attain perfection 
in the values and methods, Method for the determination of 
volumes are given in Ratna pareeksha and Rasa sastra. Finding 
out the volume was adopted as a method for examining purity 
of gold and jewels. Some other books also casually describe the 
volume of structures.’A few descriptions can be seen in Puranas 
and Artha sasthras. Narada purana (purva bhaga, II, 54, 51-56) 
gives the explanation for determining the volume of water 
reservoirs.: The product of length, breadth and depth (in angulas) 
ofa reservior would be the quantity of water in the reservoir, in 
Dronas (unit of measurements). Similarly, to find out the weight 
of food grains (in drona) in a heap, its length, breadth and height 
(in angulas) are multiplied and divided by 96. The length, breadth 
and thickness of a piece of stone (in angulas) multiplied and then 
divided by 1150 would give its weight in Dronas. Similarly, the 
length, breadth and thickness of a piece of iron (in angulas) 
multiplied, and divided by 585 would give its weight in Dronas. 
(The rule has to be examined for ascertaining the accuracy). 
However the concept of volume, the density of the matter and 
finding out the weight, were known to the authors of the Narada 
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4 


urana and to the people of that time”, which is supposed to bg 
Writen not lter than 200 BC. This tradition of finding out the 
quantity of materials having different shapes was continued anq 
correct equations were derived in due course of time. 


Volume of uniform structures : Brahmasputa siddhanta gives 
the general equation for determining the volume of structures 
when they have a uniform pattern. In Ganithadhyaya of this 
book (XII. 45, 46), it has been stated as follows: 


Practical volume to be equal to the area found by taking 
mean of the linear dimension of top and bottom and multiplied 
by the height. Gross volume to be equal to the mean of the area 
of the top and bottom multiplied by the height. 


Even though Brahmagupta has given two methods for 
determining volume, for a uniform structure, the product of its 
surface area and height will give the volume. Part of this rule is 
applicable when the lower and upper surface have different 
‘measurements but almost same shape. When there is a variation 
in the surface area, the measurement has to be taken as follows: 
Ifthe material has the shape of a cylinder, then, Practical volume 
= I (ri + ri)/2)? xh and Gross volume = (Qri?+ Mrit)/2 x h. 
The upper radius is ri and lower radius i ri and the height is the 
same for both. 
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In Lilavati (page 304-32) the universal rule for determining 
the volume of a straight non pointed structure is given: 
aaret wd dag ora EH | 
Ksbethraphalam samamevam vedbahrutham ghanaphalam spashtam 
Area multiplied with average depth gives volume of the 


figure. This gives an approximate answer equal to the modern 
value, because average height gives near approximation, 


In Lilavati (p 310-1) application of this rule is correctly 
followed as the product of surface area and height is the volume 
of the structure, in this example 


edagy ysfeofiPat: 
Ucchrayena gunitham chithe: kilakshethra sambhava phalam 
ghanam bhaveth ishtikaaghanabruthe ghane chitherishtakaa 
parimithascha labbyathe ishti kecebraya hruducchithischithe: sys: 
stharaascha drushadaam chitherapi 
(When bricks are arranged in a platform - chiti - in length 
breadth and height-) the area of the upper surface of chiti 
multiplied with height gives volume of the chiti. When the 
volume of chiti is divided by the volume of one brick, the number 
of bricks in it can be obtained. Similarly, length of chiti divided 
by length of bricks gives, the number of bricks in length and 
that is applicable for (the number of bricks in) height layer and 
base layer. 


In Lilavati an exercise i given (page 308 rule 3 and example 2) 
entra fret 3 feeaq wet aafit: fret 
wa ae at meray Gtr ae 
ws yrage F 
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Khathe fatha thigmakarathulya chathurbbuje cha 
kimsyaath phalam navamitha: Rilayathra vedha: 

-vrutthe thathaiva dasavisthruthi panchavedhe | 
soocheephalam vada thayoscha pruthak pruthak me | 

Find out the volume of a rectangular structure with square 
face of 12 unit length and 9 unit depth. Similarly find out the 
volume ofa cylinder with diameter 10 unit and depth 5. Also in 
the above two forms, find out the volume of pyramid (in former) 
and cone (in latter) with above dimensions respectively. 

‘These four problems are fine examples to show that 
relations among the volumes of a rectangular structure and the 
pyramid, and the cylindrical structure and the cone were well 
known. Another problem on the volume of triangular pyramid 
is given in the Bhaskara bhashyam for the Aryabhateeya (58.1) 


TEMA SITUA THI 
sedyorofert cAeceraes A ei | 
Srungaatakaghanganitham duaadasaganithaasrithasya 
‘yachhaasya oordbvabhujaa parimaanam sphutathara 
maachakshua me seeghram. 

Quickly tell me the more accurate volume and also the 
measure of the altitude of the solid having the shape of atrapa in 
which each edge is 12 units 

The method adopted by Bhaskara is not correct since he 
used the same wrong formula used by Aryabhatra. 

Volume of conical structure: The volume of a conical structure 
is given accurately in Lilavati (304 P. 3b) by Bhaskaracharya II 


arent: Gated wet waft | 
Samakhaatha phalathryamasai: soochikbathe phalam bhavathi 


‘The one third of the volume of the uniform cylinder is the 
volume of the cone. 
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‘The volume of the cylinder is known as the product of the 
area of the circular surface and the height, this formula correctly 
defines the volume of the cone. Earlier to Bhaskarachrya I, 
Brahmagupta in Brahmasphuta siddhanta (XI1.44) has explained 
the volume of the cone, while defining the volume of a conical 
well, for estimating the quantity of the soil to be removed from 
icduring digging The translation of the statement is: Volume of 
auniform excavation divided by 
shaped solid’. Needle shaped 
volume of cyliner, is the volume of the cone, 


height and radius. This shows that the equatio 
volume of a cone i 


having the same 
1n for finding out 
s derived at least during the éth century AD. 


calculating the volume of, 
and full cone shapes (ilavati 317 Page) 


i. food grains are kept ata circumference of 30 
Cubit in the floor, outside corner of the oom, inside corner and 


wo wall. Find out the volume of the grain if the height is 


When food grains are kept on the fl 
of w, 


o ‘oor without the suy 
all, equation for the volume of the sale 


Cone can give, the volume 
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of food grain. In the inside corner of outside wall onefourth of a 
cone gives the volume of grain three fourth of the volume of 
cone will be the volume of grain, on outside of outside wall, and 
half che original volume will be the volume of grain supporting 
ona wall. 

‘The rules applied by Bhaskara I, given below, is only an 
approximation not the exact formula (Lilavati 414 Page, 1b) 

waft offirrs aff auf ernie: 
epee ears: | 
Bhavathi paridbishashte vargithe vedhanighne 
ghanaganitha karaa: syurmaagadhaasthaascha suaarya: 

‘The square of one sixth of the circumference multiplied 
with the height gives the volume of food grain; This method was 
followed by the people of Magadha. 

According to this, the formula is [Ix II xrxrxh/9. Where 
as the correct formula according to modern mathematics is [xr 
x rx h/3 (.¢ 0.9554 x Bhaskara's value). However the definition 
given by Bhaskara is perfectly correct( Lilavati 304p.3b) 
Volume of spheres: Aryabhatta I had given a method for the 
determiantion of the volume of spheres (Aryabhateeya 2.7) 

arian, frecmisata garnet | 
are wt waters Fraviey 1 
: vishhambhaardha hathmewa urutthaphalam 
thannijamoolena hatham ghanagolaphalam niravasesham 

The area of a circle is the product of half the circumference 

and half of the diameter. This multiplied by its own square root 


gives the exact volume of the sphere ie [r? x Vilr?, will be the 
volume of a sphere of radius r. ‘A 
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This equation will yield only approximate answer. 
Mahaveeracharya (805 AD) has given another formula in Ganita 
sara sangraha (VIIL. 282) in which the volume of sphere is stated 
as 9/4 X 9/4 x ©. Bhaskara I gives the volume as 9/2 x P. It 
jppeats that even upto Prutudaka (860 AD), who wrote a 
cemmentary on Brahmasphuta siddhanta (XI. 20), many 
frathematicians used the same equation given by Aryabhatta I 
for calculating the volume of a sphere, whereas Sreedharacharya 
(00 AD) used the equation 4 (1+1/18) r which is given in 
Trisatika (rule 56). Aryabhatta II (950 AD) in Mahasiddhanta 

108) and Sreepati (1039 AD) in Siddhanta sekhara (XTII.46) 
used this equation for calculating the volume of spherical bodies. 
Bhaskara II gave the correct formula for the volume of a sphere, 
(uilavati 201 (c-)). 


qaidd uffegfirrearame: wet mqeet Atyaftafer: 
1 otherede weft a wet Post craPrery 
wafer vate fram aterrt warei 
Vrutthakshethreparidhigunitha uyaasapaada: phalam 
thathksbunnam vedairupari paritha: kandukasyevajaalam 
golasyaivam thadapi cha phalam prushtajam vyaasanighnam 
shadbbirbbaktham bbavathi niyatham golagarbhe ghanaakbyam 
When the circumference is multiplied with the diameter 
and that result divided by 4, gives the area of a circle. This when 
multiplied with 4 gives the surface area of the globe like that of a 
ball. Further multiplied with diameter and divided by 6, one 
gets the volume of that sphere. 4 [[r?x 2 rx 1/6 = 4/3 IP’. 

__ This is the same as the modern equation. In short, values 
given by Mahavira is 4.22 x 1, Aryabhatta is §.56 xP? Bhaskara 
lis 45 x and the correct value is 4.187 x r°, 

Mathematical theorems discovered by Indians: 
A number of mathematical theorems have been discovered 
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by ancient Indian mathematicians some of which have already 
been explained. Many of these Indian theorems are at present 
known in foreign scholars names, Some of them also remain 
unknown, No effort appears has been taken to prove that these 
are originally Indian contributions to modern mathematics. With 
an exception of the work done by Dr. K.V. Sarma” which stands 
unique. Literally, he has brought the facts and figures to put forth 
the authentic claims on Indian achivements, in the development 
of these theorems. Some of these Indian theorems are given below, 
with its foreign names. 


Gupta in his book on 'Second order interpolation in 
Indian mathematics upto fifteenth century says that Newton 
Stirling interpolation formula was known to Brahmagupta. 
Following the rules of Brahmagupta, Kerala astronomer 
Govindaswamin (800 AD) had given a set of rules for the 
comutation of intermediary functional values. Govindaswamin 
gives this in his commentary to Mahabhaskareeya (4.22). 


Newton Gauss Interpolation formula of Govindaswamin: 


TReTEt TOTaTayahter ferarsaresereart 


gacchad-yata-gunantharavapuryathaishya-disvasanaac- 
chedaabhyaasa-samuha-kaarmukakrti-praapthath tribhisthaadithab 
vedaibi sadbbir avaaptam antyagunaje rasyo: kramad antyabhe 
ganthavaahata-varthamaana gunajaacchapaatham ekaadibbi: 
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antyad ce ramena vishamai: sankbyaviseshai: kbsiped 


Mathematicaly this formula is summarised as follows: 
F(x+mh) = Af(x) +nf(x)+%n(a-1) (Aff) - Af(a-h) 

Multiply the difference of the last and the current sine 
differences by the square of the elemental arc and further mutiply 
by three. Now divide the result so obtained by four in the first 
rasi, or by six in the second rasi. The final result thus obtained 
should be added to the portion of the current sine difference (got 
by linear proportion). In the last rasi, multiply the linearly 
promotional part of the current sine differences by the remaining 
part of the elemental arc and divide by the elemental are. Now, 
divide the result by the odd numbers according to the current 
sine difference, when counted from the end in the reverse order. 
Add the final result thus obtained to the portion of the current 
sine difference. These are the rules for computing true sine 
differences for sines. In the case of versed sines, apply the rules is 
the reverse order and the above corrections are to be subtracted 
from the respective differences. 

This interpolation formula is now known as the Newton 

Gauss (1670 AD) interpolation formula as mentioned by 
Whittaker and Robinson, It is actually the contribution of 
Govindaswamin. 
Newton Gauss backward interpolation formula of Vatesvara: 
This interpolation was known to Brahmagupta, which is given 
in Khandakhadhyaka (ILi.4). Brahmagupta's period was 1000 year 
before Newton. It is also given by Vateswara in Vateswara 
siddhanta (11.1.6). Quoted here is from Vateswara: 


aye yea vierat cem were <a | 
were, freer a avis fates fared 1 
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Dhulktha jeevaghaathe labdham saroopakar dalitham, 
labdaghna vivarahatham cha samsodhya niyogya vikalajyaa 

In modern mathematical form this interpolation formula 
can be written as f(x) = f(xi)+ (x-xi)1/h Af(uich) + (e-i)1/b. ( 
xi+h)1/h. AYf(xich)'4. 

‘Add 1 to the labdha (what is obtained on dividing the 
residual arc by the elemental arc), reduce it to half, and then 
multiply that by the product of the labdha and the vivara (that is 
the difference between the traversed and untraversed Rsine 
differences). Subtract that from or add that to the product of the 
labdha and the traversed Rsine difference. Then is obtained the 
residual Reine difference. 


Many modern mathematicians are aware that Newton 

Gauss forward interpolation formula was known to Indians,but 
they never believed that the backward interpolation formula was 
known to Indians. Vateswara siddhanta gives clear proof for the 
knowledge of that formula also. Brahmagupta was the first 
mathematician to give this backward interpolation formula, But 
Brahmagupta's formula is now known as Striling’s formula of 
interpolation. 
‘Taylor series of sine and cosine function of Madhavacharya: 
‘This function has been described to Sankara Variyar's explanation 
on Nilakanta's Tantrasangraha (Il, 10-13). The stanzas given 
below are from Nilakanta Somayaji's commentary of 
Aryabhateeya (2-12) 


aqua area sta ay gest TenfeaT, 
aa weit: dat 2 ge dem ap age: 
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| isradobkotidbanushob svasami 


; ipasamiratejye dve saavayave nyasya 
feuryue raadbiba dbenubdighnaaipeikopeeaaraebade 
nyasyacchedaaya cha mithastatsamskaaravidhitsaya anyasyarn atha 
taam dvighnaam tathaa syam iti samskriti: santha te krtasamskare 
suagunan dhanusas tayo: 


Placing the sine and cosine chords nearest to the arc, whose 
sine and cosine chords are required, get the arc difference to be 
subtracted or added, For making the correction, 13,751 should 
be divided by twice the arc difference in minutes and the quotient 


| isto be placed as the divisor, divide the one (sine or cosine) by 


thisdivisor and add to or subtract from the other (cosine or sine) 
according as the arc difference isto be added or subtracted. Double 
this result and do as before. Add or subtract the result to or from 
the first sine or cosine to get the desired sine or cosine chords. 


It is found that this theorem is from Madhava of 
Sangamagrama (1340 AD). Somayaji has mentioned that this is 
from Madhava's book. But it is now known as the Taylor series 
of sine and cosine functions discovered by Book Taylor ((1685 AD) 


Newton power series of Madhavacharya: Newton series of this 
nature was given by Madhavacharya in Yuktibhasha and also by 
Puthumana Somayaji in Karanapaddhathi (6-12,13) 
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nibatya chapavargena chapam tatthathphalani cha 
haret samulayngvargaistrifyavargahatai: kramaat 
chapam phlani chadbodhonyasyoparyupari tyajet 
jivaptyai, sangrabo syaiva vidvan-ityadina krtha: 
nibathya chapavargena rupam tattatpbalani cha 
haved vimulayuguargaistrityavargahatai: kramat 
hintu vyasadalenaiva dvighnenadyam vibhajyataam 
phalanyadhodha: kramaso nyasyoparyupari tyajet 
saraptyai, sangrahoa syaiva stenastri-tyadinaa krta: 
Multiply repeatedly the arc by its square and divide by the 
square of even numbers increased by that number and then | 
multiplied by the square of radius. Place the arc and result one | 
below the other and subtract each from what is above it. To 
derive the arc, which are collected, beginning with the expression 
Videan (katapayadi number). Multiply repeatedly, the unit 
measurement which is the radius, by the square of the arc and 
divide by the square of even numbers decreased by that number 
and then multiplied by the square of radius; the first is, however, 
to be divided by twice the radius. Place the results one below the 
other and subtract each from the one above it. That is the method 
to derive the saras, which are collected in the beginning with 
stena. This equation is now known as Newton power series. 
Lhuiler's formula of parameswara: The formula given in 
Parameswara's (1360 AD) commentary to Lilavati on the circum 
radius of the cyclic quadrilateral is known now as the Lhuiler's 
(1782 AD) formula. 
croregaigatetagarry fora ae, 
warandray apes 
wer weqaery faeenrd faffay aay 
piney aera feet 
Doshnamdvayordvayor ghaatayutaanaam tisraanaam vadhaat 
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ekaikonetarattraikyam catushkavadhabhajitam 
labdbamulena yadorttam ishkamhaardhena nirmitam 


sarvam caturbhujakshetram tasminnevatisthtabathe 


The three sums of the product of sides, taken two at atime 
are to be multiplied together and divided by the product of the 
sums of the sides taken three at a time and diminished by the 
fourth. Ifa circle is drawn with the square root of this quantity 
as radius, the whole quadrilateral will be situated inside it. 


This has been published by Parameswara in his 
commentary to Lilavati, 


Gregory and Leibnitz series for the inverse tangent of 
Madhava: This series is said to be discovered by British 
mathematican James Gregory (1638 AD) and in Europe by 
German mathematician Gottfried Wilhelm Leibnitz (1646 AD). 
In India this power series was discovered by Sangamagrama 
Madhava (1350 AD). It is the first of the Tangent series ever 
known to mathematicians. 


It is also given in Kriyakramakari on Lilavati Kanda 2, 
vrutta 40 and in Yuktibhasha 


istajya-triyayorghathath kotyaptam pratharam phalam jyavargam 
gunakam kritva kotivargam cha haarakam prathamaadiphalebbryoa. 
tha neya phalakrtir mubucckectryaady-ojasankhyabhirabhakteshvetesv 
anukramaat ojanam samyutesthyakeva yugmayogam dhanur bhavet 
dob-kotyor alpameveha kalpaniyam iha smrtam labdbinam 
avasanam syanna thathapi mubu: krte 
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Obrain the first result of multiplying the jya (R sine 6) by 
the trijya (radius) and dividing the product by koti (R cos 6), 
Multiply this result by the square of the jya and divide the square 
by the koti. Thus we obtain a second result a sequence of the 
further results by repeatedly multiply by the square of the jya 
and dividing by the square of the koti. Divide the terms of the 
sequence in order by the odd numbers 1,3,5,...; after this, add all 
the odd terms and subtract from them all the even terms (without 
disturbing the order of the terms). Thus is obtained the dhanus 
whose two elements are the given jyaand koti. (Here the smaller 
of the two elements should be taken as the jya, since other wise 
the series obtained will be non finite) 


ive arc = R sin @ Cos @- R sin’0/3 Cos’0+R sin*@/5 Cos'6..., 
Arc = R Tan @- 1/3 R Tan’@ + 1/5 R Tan'0-1/7.... 
Or Tan @ = 0-4/3 + 6°/5.... = Sin @/Cos @ = Tan @ 
Leibnitz power series for [1 of Madhava: The power series has 
been mentioned by the same Kerala astronomer Sangamagrama 
Madhavacharya. Even though the value of [I has been mentioned 
in Aryabhateeya and exact value given by Bhaskaracharya II, in 
Europe the value has been discussed by Lambert in 1671 AD. 
However the same information has also been given by Nilakanta 
Somayaji (1444 AD) in his commentary for Aryabhateeya, But 
Leibnitz (1673 AD) has put forth a series on the I] which is thus 
mentioned by Madhavacharya about 300 years before Leibnitz: 
mae afte fred Sagt ora arraficet 
Be ya, warEaAT 
‘yase varidbi-nihate rupabrate vyasasaagaraabbihate tri-sara adi\ 
vishamasankhya-bhaktamrnam suam pruthak kramat Auryat 


Multiply the diameter by 4. Subtract from it and add to it 
alternately the quotients obtained by dividing four times the 
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diameters by the odd integers 3, 5, 7,.... This will give the fine 
value of the circumference ive [1/4 = 1-1/3+ 1/5. 


‘The same series is also given by Puthumana Somay: 
Karanapaddhathi, who is also known to be earlier than Leibnitz. 


De Moiver's approximation to the value of I] of Madhava: 
‘This has been given by Madhavacharya in Yuktibhasha, 


aera et at Paamefred ait TEA 
setrreareTaReN Tee WHAT ea agthevedt ert 
arenfearnt: Wren Te ae ea aT eT eT 
poor, get: Ve: a et, aERa KOI /ArqeMTa 
yatsankhyaaatra harane krte nivrtta brtis tu jamitaya 
tasya urdbvagatasyas samasankhya taddalam guno ante syat 
tadvargai rupahato haaro vyasabdhighatata: praguat 
tasyam aptam svamrne krte dhane sodhanan cha karaniyam 
sukbma: paridhi: sa syat babukrtvo haranato atisukshmas cha 


.» Let the process stop at a certain stage, giving rise to 
a finite sum, multiply four times the diameter by half the even 
integer subsequent to the last odd integer used as divisor and 
then divide by the square of the integer increased by unity. The 
result is the correction to be added to or subtracted from finite 
sum, The choice of addition or subtraction is depending on sign 
of the last term in the sum. The final result is the circumference 
determined more accurately than by taking a large number of 
terms: 


Circumference = 4D (1-1/3+1/5-1/7+.....) 
Or 1/4 @ 1-1/3 + 1/5 1/7 + corse (0414/41)? 41 


This is the contribution of Madhavacharya, even though 
now known in the name of a Western scholar. 
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K. V. Sarma’? in his book gives a theorem of Madhava, on 
higher level, for the approximation of the II. It is known as De 
Moivres theorem. It is given in the Kriyakramakari on Lilavat} 
by Madhava (Kanda 2, vrutta 40. 

Fea Feat fret eret dea: 
ort wa demeadtet : Bw: 
Ful wae: THeIeTEd wag ER: 
fra frien wor WW we aT BR I 
Asmat sukshmataroanyo vilikhyate kashcanapi samshara: 
ante samasankhyadalavarga saiko guna:, sa eva puna: 
yugagunito rupayuta: samasankhyadalahato bhaved haara: 
trisaradivisamashankhyabaranat param etad eve va karyam 

A correction still more precise is being stated here. The 
multiplier is the square of half the even integer increased by unity. 
This multiplier multiplied by 4, then increased by unity and then 
multiplied by half the even integer is the divisor. This correction 
may be applied after the division by odd integers, 3, 5, etc. ie 
Circumference = 4D (1-1/341/5-1/7ouu + /m(¥4(041)+1 

+((AQ+1)x 4 +1) 4@+2) 

Different from the Leibnitz series, Madhava has also 
developed another series for the approximation of [I which is 
given in Yuktibhasha as follows: 


vyasavargad ravihatat padam syat prathamam phalam 
tadaditas trisankhyaptam phalam syad uttarottaram 
rupaddyayugmasanklyabbir briesho eshu yathakramam 


visamanam yutestydktua samam bi paridbir bhavet 
) 
198 | 


Scanned with CamScanner 


Multiply the square of the diameter by 12 and extract the 
square root of the product. That is the first term. Divide the first 
term by 3 to obtain the second, the second by 3 to obtain the 
third and so on and thus get further terms. Divide the terms, in 
order by the odd number 1,3,5,...... Add the odd order terms to 
and subtract the even order terms from the preceding, The result 
will give the circumference. 

Circumference ([]D) = 
V12D2-V12D*/3 x 3+V12D2/5 x 3? -V12D2/7 x 3 + 
T= Vi2 (1-1/3 x341/5x3x3-1/7x5x3x 3...) 


‘This can be further simplified by taking the common factor 
Vi2 x D, and the value of circumference or [I can be derived 
from that. 


In Kriyakramakari, value of II series is given by 


Madhavacharya (Kanda 2:40) as: 


ferqererrante gare fen Aeuraren are: 
va frecfint aff fren vif, goa angen: 
vibudha-netra gajabi-butasana triguna-veda-bha-varana-bahava: 

navanikhara-mite urtivistare paridbi-manam idam jagadur budda: 

‘When for a diameter of 9" units, the circumference is equal 
to 28 27433388233 units. From this the value of II can be 
calculated as 3.14159265359, which is the same on the modern 
value of 3.14159265. 


Tycho Brahe reduction of ecliptic of Achyutha Pisharati : In 
the mathematical calculations the reduction of the ecliptic has 
been reported to be derived by Tycho Brahe, However during 
the same period Achyutha Pisharati,afamous Kerala astronomer | 
has also devloped the same reduction of ecliptic in his book 
Sputanirnaya, 
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Patonasya vidhostu kotibbujayorjive mithastadayet 
antyakshepasarahatam vadhamamum vikshepakotyaharet 
labdham vyasadaloddbrtam himakare svarnam, vipate vidbau 
yugmayugmapadopage; vidhurayam spashto bhagole bhavet 

Multiply the tabular cosine and sine of the moon minus 
node and the product by the tabular versine of the maximum 
latitude of the moon. Divide this by the tabular cosine of the 
latitude at the particular moment and the quotient is to be divided 
again by the tabular radius. The result is to be added to or 
subtracted from the moon's longitude, as the moon minus node 
is in an even or an odd quadrant, respectively. The true moon 
measured on the ecliptic is thus obtained. 

Sarma has given the modern form of Achyuta's formula. If 
F is the longitudinal difference between the node and the planet, 
w the maximum latitude and y the actual latitude then the 
correction k = sin F. Cos F (1 - cos F)/cos y. 

Ttis said that in Uparagakriayakrama, Achyuta has given 
another simplified formula for the reduction of ecliptic. 
Infinite G.P. convergent of Nilakanta Newton's series : This 
series was originally contributed by Nilakanta Somayaji in his 
bhashaya. (Aryabhateeyabhashya Ganita 17) 


Tee win ae wat wT w .... 
Evam yasthuthya ccheda paramabhaaga paramaparyayad 
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